LOG CANONICAL THRESHOLDS OF SMOOTH FANO THREEFOLDS 



IVAN CHELTSOV AND CONSTANTIN SHRAMOV 
WITH AN APPENDIX BY JEAN-PIERRE DEMAILLY 



Abstract. Complex singularity exponent is a local invariant of a holomorphic function de- 
fined by the square-integrability of fractional powers of the function. Log canonical thresholds 
of effective Q-divisors on normal algebraic varieties are algebraic counterparts of complex sin- 
gularity exponents. For a Fano variety, these invariants have global analogues. In the former 
case, it is so-called a-invariant of Tian. In the latter case, it is a global log canonical threshold 
of the Fano variety, which is the infimum of log canonical thresholds of all effective Q-divisors 
numerically equivalent to the anticanonical divisor. The appendix to this paper contains the 
proof that the global log canonical threshold of a smooth Fano variety coincides with its a- 
invariant. The purpose of this paper is to compute global log canonical thresholds of smooth 
Fano threefolds (altogether there are 105 deformation families of such threefolds). We compute 
global log canonical thresholds of every smooth threefold in 64 deformation families, and we 
compute global log canonical thresholds of general threefold in 20 deformation families. For 14 
deformation families, we find some bounds for global log canonical thresholds. 
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1. Introduction 

The multiplicity of a polynomial (j) G C[zi, . . . , z„] in the origin O € C" is the number 

d^(t){zi,...,Zn) 



min < m G Z>o ^ r. 
There is a similar but more subtle invariant 



(O) / O^ GZ^oU{ + oo}. 



co(<;^) = sup < e G Q the function 2^ is locally integrable near O G C" > G Q^o U {+00}, 

which is called the complex singularity exponent of the polynomial (/> at the point O. 



The first author was supported by the grants NSF DMS-0701465 and EPSRC EP/E048412/1, the second author 
was supported by the grants RFFI No. 08-01-00395-a, N.Sh.-1987.2008.1 and EPSRC EP/E048412/1. 
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Example 1.1. Let mi, . . . ,m„ be positive integers. Then 



mm 



1, ~ 1 = ^0 ( 1 ^ CO ( TT zfM = min (—,—,..., — 



Let X be a variet}0 with at most log canonical singularities (see yj), let Z C X be a closed 
subvariety, and let D be an effective Q-Cartier Q-divisor on the variety X. Then the number 

Ict^ {X, D) = sup I A € Q the log pair [X, \D) is log canonical along z| G Q U { + oo} 

is called a log canonical threshold of the divisor D along Z. It follows from [Ij that 

lcto(c^(0 = O)) = CO (</>), 

so that lct^(X, D) is an algebraic counterpart of the number co ((/>). One has 



lctx{X,D) = inf <^lctp 



P G x| = sup |a e Q the log pair (X, AZ?) is log canonical| , 



and, for simplicity, we put \ct(X,D) = \ctxiX, D). 

Suppose that X is a Fano variety with at most log terminal singularities (see [2]). 

Definition 1.2. Global log canonical threshold of the Fano variety X is the number 

lct(X) = inf |lct(X,D) D is an effective Q-divisor on X such that D ~q — i^xj ^ 0. 
The number lct(X) is an algebraic counterpart of the a-invariant introduced in [3j. One has 



let (X) = sup < e G 



the log pair (^X, —D^ is log canonical for 
every divisor D £ \ — nKx , ^t- € ^>o 



Recall that every Fano variety X is rationally connected (see [4]). Thus, the group Pic(X) is 
torsion free. Then 

, . I the log pair ( X, AD ) is log canonical 1 

ict(x) =sup<^agq V ' ; ^ \. 

y for every effective Q-divisor D —Kx J 

Example 1.3. Let X be a smooth hypersurface in P" of degree m < n. Then 

lct(X) = ^ 

' n + 1 — m 

as shown in [5]. In particular, the equality lct(P") = l/(n + 1) holds. 
Example 1.4. Let X be a rational homogeneous space such that —Kx ~ rD and 

Pic(X) =Z[L»], 

where D is an ample divisor and r G Z>o. Then lct(X) = 1/r (sec [6j). 

In general, the number lct(X) depends on small deformations of the variety X. 
Example 1.5. Let X be a smooth hypersurface in P(l, 1, 1, 1, 3) of degree 6. Then 

lct(X) — — — 1 — — — — — — — — — — I 

^ ^ ' ^ \6' 50'T5' 38' 8' 38'9'TO' 12' M' 16'T8'20' 2^ 

by [7] and [8], and all these values are attained. 

Example 1.6. Let X be a smooth hypersurface in P" of degree n ^ 2. Then the inequalities 

1 ^lct(X) ^ 



^A\\ varieties are assumed to be complex, algebraic, projective and normal if the opposite is not stated explicitly. 
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lct(X) ^ < 



hold (see [5]). Then it follows from |7] and [8j that 

C 1 if n ^ 6, 

22/25 if n = 5, 
16/21 if n = 4, 
^ 3/4 if n = 3, 

whenver X is general. But lct(X) = 1 — 1/n if X contains a cone of dimension n — 2. 

Example 1.7. Let X be a quasismooth hypersurface in P(l, oi, 02, as, 04) of degree X^f'^i Oi 
such that X has at most terminal singularities (see [T]), where ai ^ 02 ^ 03 ^ 04. Then 



-i^X ~ C'p{l,ai,a2,a3,a4)(l) 



1 > IctfX) > I 



and there are 95 possibilities for the quadruple (01,02,03,04) (see [9], [TOj). Then 

16/21 if oi = 02 = 03 = 04 = 1, 
7/9 if (01,02,03,04) = (1,1,1,2), 
4/5 if (01,02,03,04) = (1,1,2,2), 
6/7 if (01,02,03,04) = (1,1,2,3), 
1 in the remaining cases, 

if X is general (see |11] . [8], |12j). The global log canonical threshold of the hypersurface 
.2 



w 



,w 



+ + y^^ + x^^ C F(l,l,2,6,9) ^ Proj (^C[x, y, z, t, ^ 

is equal to 17/18 (see [H]), where wt(3;) = wt(y) = 1, wt(z) = 2, wt(t) = 6, wt{w) = 9. 
Example 1.8. It follows from Lemma |5. II that 

lct(P(ao,Ol, . . . ,On) ) = , 

where P(oo, oi, . . . , o„) is well- formed (see [9]), and oq ^ oi ^ . . . ^ a„. 
Example 1.9. Let X be a smooth hypersurface in P(l"+^,d) of degree 2d. Then 

lct(X) 



n + l-d 

in the case when the inequalities 2 ^ d ^ n — 1 hold (see Proposition 20 in |13j). 

Example 1.10. Let X be smooth surface del Fezzo. It follows from |15j that 

1 if Kj( = 1 and | — Kx j contains no cuspidal curves, 
5/6 if Kx = 1 and | — Kx\ contains a cuspidal curve, 
5/6 if Kx = 2 and | — Kx\ contains no tacnodal curves, 
3/4 if Kx = 2 and | — Kx\ contains a tacnodal curve, 
3/4 if X is a cubic in P'^ with no Eckardt points, 
2/3 if either X is a cubic in P^ with an Eckardt point, or Kx = 4, 
1/2 if X ^P^ X pi or K]^ G {5,6}, 
1/3 in the remaining cases. 

It would be interesting to compute global log canonical thresholds of del Fezzo surfaces with 
at most canonical singularities that are of Ficard rank one, which has been classified in |14j. 
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lct(X) 



Example 1.11. Let X be a singular cubic surface in such that X has at most canonical 
singularities. The singularities of the surface X are classified in [16j . It follows from that 

2/3 if Sing(X) = {Ai}, 

1/3 if Sing(X) D {A4}, Sing(X) = {D4} or Sing(X) D {Aa.As}, 
lct(X) = .j 1/4 if Sing(X) D {A5} or Sing(X) = {D5}, 
1/6 if Sing (X) = {Eg}, 
1/2 in the remaining cases. 

It is unknown whether lct(X) € Q or not0 (cf. Question 1 in [18J). 
Conjecture 1.12. There is an effective Q-divisor D ~q —Kx on the variety X such that 

lct(X) = \ci{X,D) G Q. 

Let G C Aut(X) be an arbitrary subgroup. 
Definition 1.13. Global G-invariant log canonical threshold of the Fano variety X is 



lct(X,G) = sup e G 



the log pair (^X, has log canonical singularities for every 

G-invariant linear system D C — nKx , E Z>o 



Remark 1.14. To define thresholds lct(X) and lct(X, G), we only need to assume that | —nKx\ 7^ 
for some n S> 0. This property is shared by many varieties (toric varieties, weak Fano 
varieties), but all known applications are related to the case when —Kx is ample and G is 
compact. 

In the case when the Fano variety X is smooth and G is compact, the equality 

lct(X,G) =aG{X), 

holds (see Appendix , where adX) is the a-invariant introduced in [3]. It is clear that 

, , I the log pair ( X, XD ] has log canonical singularities 1 

lct(X,G) =sup<^AeQ V ' ; ^ ^ \ 

[ for every G-invariant effective Q-divisor D ~q —Kx J 

in the case when [G[ < +00. Note that ^ lct(X) ^ lct(X, G) G M U {+00}. 

Example 1.15. Let X be a smooth del Pezzo surface such that Kj^ = 5. Then 

• the isomorphism Aut(X) = S5 holds (see [E]), 

• the equalities lct(X,S5) = lct(X,A5) = 2 hold (see [T5]l. 

Example 1.16. Let X be the cubic surface in given by the equation 

+ / + 2^ + = C P^ = FToi(c[x,y,z,t]y 

and let G = Aut(X) ^ Zl » S4. Then lct(X, G) = 4 by [E]. 

The following result was proved in |3], [20], [H] (see Appendix [A]) . 

Theorem 1.17. Suppose that X has at most quotient singularities, and G C Aut(X) is a 
compact subgroup. Assume that the inequality 

dim(X) 

lct ps:,G) > , \ ' 

^ ' dim(X) + 1 

holds. Then X admits an orbifold Kahler-Einstein metric. 

Theorem 11.171 has various applications (see [20] , and Example I1.18| cf Examples 11.61 II. 7p . 

Example 1.18. Let X be a blow up of along a disjoint union of two lines, let G be a maximal 
compact subgroup in Aut(X). Then the inequality lct(Ar, G) ^ 1 holds by [20]. But lct(X) = 1/3 
by Theorem 11.461 

^It is even unknown whether lct(X) G Q or not if X is a del Pezzo surfaces with log terminal singularities. 



If a variety with quotient singularities admits an orbifold Kahler-Einstein metric, then either 
its canonical divisor is numerically trivial, or its canonical divisor is ample (variety of general 
type), or its canonical divisor is antiample (Fano variety). Every variety with at most quotient 
singularities that has numerically trivial or ample canonical divisor always admits an orbifold 
Kahler-Einstein metric (see [22], [23], [21]). 

There are several known obstructions for the Fano variety X to admit a Kahler-Einstein met- 
ric. For example, if the variety X is smooth, then it does not admit a Kahler-Einstein metric if 

• either the group Aut(X) is not reductive (see [25]). 

• or the tangent bundle of X is not polystable with respect to —Kx (see |26j). 

• or the Futaki character of holomorphic vector fields on X does not vanish (see |27j). 

Example 1.19. The following varieties admit no Kahler-Einstein metrics: 

• a blow up of in one or two points (see [25j). 

• a smooth Fano threefold P(Op2 C'p2(l)) (see [28]), 

• a smooth Fano fourfold 

P(a*(0pi(l))er(0p2(l))), 
where a: x ^ pi and /?: P^ x P^ ^ P^ are natural projections (see [27j). 

The problem of existence of Kahler-Einstein metrics on smooth toric Fano varieties is com- 
pletely solved. Namely, the following result holds (see [29], [30], [31], [32]). 

Theorem 1.20. If X is smooth and toric, then the following conditions are equivalent: 

• the variety X admits a Kahler-Einstein metric; 

• the Futaki character of holomorphic vector field of X vanishes; 

• the baricenter of the reflexive polytope of X is zero. 

It should be pointed out that the assertion of Theorem 11.171 gives only a sufficient condition for 
the existence of a Kahler-Einstein metric on X. 

Example 1.21. Let X be a general cubic surface in P'^ that has an Eckardt point (see Defini- 
tionisi]). Then Aut(X) ^ Z2 (see pL9j) and lct(X, Aut(X)) = lct(X) = 2/3 by pEj. But every 
smooth del Pezzo surface that has a reductive automorphism groups admits a Kahler-Einstein 
metric (see [33]). 

Example 1.22 (cf. Example ll.9p . Let X be a general hypersurface in P(l^,3) of degree 6. 
Then Aut(X) ^ Z2 (see [H]) and lct(X, Aut(X)) = lct(X) = 1/2 by [13]. But X admit a 
Kahler-Einstein metric (see [35]). 

The numbers lct(X) and lct(X, G) play an important role in birational geometry. 

Example 1.23. Let V and V be varieties with at most terminal and Q-factorial singularities, 
and let Z he a smooth curve. Suppose that there is a commutative diagram 

p 

V ^ V 



Z-- 



such that vr and vr are flat morphisms, and /> is a birational map that induces an isomorphism 

V\X'^V\X, 

where X and X are scheme fibers of vr and vf over a point O G Z, respectively. Suppose that 

• the fibers X and X are irreducible and reduced, 

• the divisors —Ky and —Ky are vr-ample and vf-ample, respectively, 

• the varieties X and X have at most log terminal singularities, 

and p is not an isomorphism. Then it follows from [36] and [TT] that lct(X) -|-lct(X) ^ 1, where 
X and X are Fano varieties by the adjunction formula. 



In general, the inequality in Example 11.231 is sharp. 
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Example 1.24. Let vr: F — > Z be a surjective flat morphism from a smooth tlireefold y to a 
smootfi curve Z sucli that the divisor —Ky is vr-ample, let X be a scheme fiber of the morphism 
TT over a point O Z such that X is a smooth cubic surface in that has an Eckardt poin 
P G X (cf. Definition 13. ip . let Li, L2, L3 C X be the lines that pass through the point P . Then 
it follows from [37j that there is a commutative diagram 




Z =Z 



such that a is a blow up of the point P, the map -0 is an antiflip in the proper transforms of 
the curves Li, L2, L3, and /3 is a contraction of the proper transform of the fiber X. Then 

• the birational map p is not an isomorphism, 

• the threefold V has terminal and Q-factorial singularities, 

• the divisor —Ky is a Cartier 7f-ample divisor, 

• the map p induces an isomorphism V \ X = V \ X, where X is a scheme fiber of n over 
the point O, 

• the surface X is a cubic surface with a singular point of type B4. 

The latter assertion implies that lct(X) + lct(X) = 1 (see Examples 11.101 and II. lip . 

Global log canonical thresholds can be used to prove that some higher-dimensional Fano 
varieties are non-rational. 

Definition 1.25. The variety X is said to be birationally superrigid if the following conditions 
hold: 

• rkPic(X) = 1; 

• the variety X has terminal Q- factorial singularities; 

• there is no rational dominant map p: X Y with rationally connected fibers such that 
O^dim(y) <dim(X); 

• there is no birational map p: X Y onto a variety Y with terminal Q-factorial singu- 
larities such that rkPic(y) = 1 holds, 

• groups Bir(X) and Aut(X) coincide. 

The following result is known as the Noether-Fano inequality (see [38j). 

Theorem 1.26. The variety X is birationally superrigid if and only if rkPic(X) = 1, the 
variety X has terminal Q-factorial singularities, and for every linear system A4 on the variety 
X that does not have fixed components, the log pair {X, XAi) has canonical singularities, where 
Kx + XM ~Q 0. 

Proof. Because one part of the required assertion is well-known (see [38]), we prove only another 
part of the required assertion. Suppose that the variety X is birationally superrigid, but there is 
a linear system M on X such that M has no fixed components and the singularities of {X, XA4) 
are not canonical, where Kx + AA^ ~(q 0. 

Let TT : V ^ X he a, birational morphism such that the variety V is smooth, and the proper 
transform of on the variety V has no base points. Let B be the proper transform of the linear 
system M on the variety V. Then 

r r 

Ky + XB ~Q vr* (^Kx + XM^ + OiEi ~q ^ a^^i, 

■t=l i=l 

where Ei is an exceptional divisor of tt, and ai € Q. 
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It follows from [39] that there is a commutative diagram 

V 




U : 



such that p is a birational map, the morphism (j) is birational, the divisor 

r r 

Ku + \p{B) ~Q 0* (Kx + \M) + ~Q Yl ""^Pi^') 



1=1 i=l 

is i;^-nef, the variety U is Q-factorial, the log pair (U, Xp{B) has terminal singularities. 
The morphism cj) is not an isomorphism. It follows from [401 1.1] that 

> ^ diin(^p{Ei)^ ^ dim(X) - 2, 

and it follows from the construction of the map p that there is k G {l,...,r} such that the 
inequality < holds and the subvariety p{Ej.) C C/ is a divisor, because the singularities of 
the log pair (X, XM.) are not canonical. 

The divisor Ku + \p{B) is not pseudo-effective. Then it follows from [39] that there is a 
diagram 

U 



X z 

such that ■0 is a birational map, the morphism r is a Mori fibred space (see |41J), and the 
divisor —{Ky + A('0 o p){B)) is r-ample. The variety Y has terminal Q-factorial singularities, 
and rkPic(y/Z) = 1. Then the birational map ip o p o vr^^ is not an isomorphism, because 
Kx + ~Q 0, but a general fiber of the morphism r is rationally connected (see jl]), which 
contradicts the assumption that X is birationally superrigid. □ 

Birationally superrigid Fano varieties are non-rational. In particular, if the variety X is bira- 
tionally superrigid, then dim(X) ^ 2. 

Example 1.27. General hypersurface in P" and P(l"'"''^,n) of degree n ^ 4 and 2n ^ 6 are 
birationally superrigid (see [43], [7]), respectively. 

The following result is proved in f7\. 

Theorem 1.28. Let Xi,X2, . . . ,Xrhe birationally superrigid Fano varieties such that lct(Xi) ^ 
l,lct(X2) ^ 1, . . . ,lct(X^) ^ 1. Then 

• the variety Xi is non-rational and 

Bir(^Xi X ... X Xr^ = Aut(^Xi x . . . x Xr^ , 

• for every rational dominant map 

p: Xi X . . . X Xr --->■ Y, 
whose general fiber is rationally connected, there is a commutative diagram 
Xi X . . . X Xr 



Xi^x ...xXi^ ::fcy 

for some {ii, . . . , ik} ^ {1, . . . , r}, where ^ is a birational map, and vr is a projection. 
Varieties satisfying all hypotheses of Theorem 11.281 exist (see also Examples 11.61 [T.27p . 
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Example 1.29. Let X be a hypersurface that is given by 

= + + f + x^y'^zt C P(l, 1,1,1,3) ^ Proj [x, y, z, t, u;] ) , 

where wt(x) = wt(y) = vfi{z) = wt(t) = 1 and wt(w) = 3. Then 

• the threefold X is smooth and birationally superrigid (see |44] ) , 

• it follows from ^ that the equality lct(X) = 1 holds. 

Suppose, in addition, that the subgroup G C Aut(X) is finite. 

Definition 1.30. A Fano variety X is G-birationally superrigid if 

• the G-invariant subgroup of the group C\{X) is isomorphic to Z, 

• the variety X has terminal singularities, 

• there is no G-equivariant rational map p: X Y with rationally connected fibers such 
that ^ dim(y) < dim(X), 

• there is no G-equivariant non-biregular birational map p: X Y onto a variety Y 
with terminal singularities such that the G-invariant subgroup of the group C\{Y) is 
isomorphic to Z. 



Arguing as in the proof of Theorem II. 26^ we obtain the following result. 

Theorem 1.31. The variety X is G-birationally superrigid if and only if the G-invariant sub- 
group of the group C1(X) is isomorphic to Z, the variety X has terminal singularities, for every 
G-invariant linear system ^A on X that has no fixed components, the log pair {X,\M) is 
canonical, where Kx + \M. ~(Q 0. 

The proof of Theorem 11.281 implies the following result (see [15] ) . 

Tiieorem 1.32. Let Xi be a Fano variety, and let Gj C Aut(Xj) be a finite subgroup such 
that the variety Xi is Gj-birationally superrigid, and the inequality lct(Xj,Gj) ^ 1 holds for 
i = 1, . . . , r. Then 

• there is no Gi x . . . x G^-equivariant birational map p: Xi x . . . x X^ IP"; 

• every Gi x . . . x Gr-equivariant birational automorphism of Xi x . . . x X^ is biregular; 

• for every Gi x . . . x G^-equivariant rational dominant map 

p: Xi X . . . X Xj. — ^ y, 

whose general fiber is rationally connected, there a commutative diagram 
Xi X . . . X 

" ^ - p 

Xi^x ...xXi^ - = l=y 

where ^ is a birational map, vr is a natural projection, and {ii, . . . , i^} C {1, . . . , r}. 

Varieties satisfying all hypotheses of Theorem 11.321 do exist (see Example I1.16P . 

Example 1.33. The simple group Ag is a group of automorphisms of the sextic 

lOx^y^ + 9zx^ + 9zy^ + 27z^ = 45x^y^z^ + U^xyz^ c = Proj (c[x, y, z| 

which induces an embedding Ag C Aut(P^). Then P^ is Ag-birationally superrigid and 
lct(p2,A6) = 2 (see [H]). Thus, there is an induced embedding 

Ag X Ae = C Bir(P^) 

such that Q. is not conjugate to any subgroup in Aut(P^) by Theorem 11.321 

Let us consider Fano varieties that are close to being birationally superrigid. 

Definition 1.34. The Fano variety X is birationally rigid if 

• the equality rkPic(X) = 1 holds, 

• the variety X has Q-factorial and terminal singularities, 



• there is no rational map p: X Y with rationally connected fibers such that 7^ 
dim(y) < dim(X); 

• there is no birational map p: X Y onto a variety Y ^ X with terminal Q- factorial 
singularities such that rkPic(y) = 1. 

Arguing as in the proof of Theorem 11.261 we obtain the following result. 

Theorem 1.35. The variety X is birationally rigid if and only if rkPic(X) = 1, the variety 
X has terminal Q-factorial singularities, and for every linear system M on X that does not 
have fixed components, there is a birational automorphism ^ S Bir(X) such that the log pair 
{X, \^{M.)) has canonical singularities, where Kx + A^(A1) ~(Q 0. 

Birationally rigid Fano varieties are non-rational (see [38j). 

Definition 1.36. Suppose that X is birationally rigid. A subset T C Bir(X) untwists all max- 
imal singularities if for every linear system M on the variety X that has no fixed components, 
there is a birational automorphism ^ € F such that the log pair 



X, \l 

has canonical singularities, where A is a rational number such that Kx + A^(A^) ~q 0. 

If X is birationally rigid and there is F C Bir(X) that untwists all maximal singularities, then 
the group Bir(X) is generated by F and Aut(X). 

Definition 1.37. The variety X is universally birationally rigid if for any variety U , the variety 

XOSpec(^C(C/)) 

is birationally rigid over a field of rational functions C(C/) of the variety U . 

If X is defined over a perfect field, then Definition 11.341 still makes sense (see [l2], |19]). 
Example 1.38. Let X be a smooth Fano threefold such that there is a double cover 

X — ^ Q c p^ 

where Q is a quadric threefold, and vr is branched in a surface S" C Q of degree 8. Put 

C = |c d X C is a smooth curve such that — Kx -0 = 1^, 
then C is a one-dimensional family. For every curve C G C there is a commutative diagram 

X — - — 

I I 

V'c I I <Ac 

y V 

p2 = p2 

where (j)c is a projection from the line 7r(C). General fiber of the map ipc is an elliptic curve, 
the map ipc induces an elliptic fibration with a section and an involution tc G Bir(X). Then 

i)C G Aut(X) ^ C CS, 

and S contains no curves in C if X is general. It follows from [44J that there is an exact sequence 

1 — ^ F — > Bir(X) — > Aut(X) — > 1, 

where F is a free product of subgroups that are generated by non-biregular birational involutions 
constructed above. Hence the Fano variety X is universally birationally rigid (see |44j ) . 

Birationally superrigid Fano varieties are universally birationally rigid. 

Definition 1.39. Suppose that X is universally birationally rigid. A subset F C Bir(X) uni- 
versally untwists all maximal singularities if for every variety U the induced subset 

F C Bir(X) C Bir (^X ® Spec(c(?7 

untwists all maximal singularities on X (gi Spec(C(C/)). 
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An identity map universally untwists all maximal singularities if X is birationally superrigid. 

Remark 1.40. Suppose that X is birationally rigid, and dim(X) ^ 1. Let T C Bir(X) be a 
subset. It follows from [35] that the following conditions are equivalent: 

• the subset F universally untwists all maximal singularities; 

• the subset F untwists all maximal singularities, and Bir(X) is countable. 

Example 1.41. In the assumptions of Example 1 1.7^ suppose that X is general. Then 

• the hypersurface X is universally birationally rigid (see |46j ) . 

• there are involutions ri, . . . , G Bir(X) such that that the sequence of groups 

1 ^ (n, . . . , Tk) Bir(X) Aut(X) 1 

is exact (see [lU], [17]), where (ri, . . . , Tk) is a subgroup generated by ri, . . . , r^, 

• the subgroup {ti,. . . ,Tk) universally untwists all maximal singularities (see [36]). 
All relations between the involutions ti, . . . , r^, are found in [47] . 

Let Xi, . . . , Xr be Fano varieties that have at most Q-factorial and terminal singularities, let 

TTj : Xi X . . . X Xi^i X Xi X Xj+i X . . . X Xr — > Xi X . . . X X Xi X Xj+i x . . . x Xr 

be a natural projection, and let Xi be a scheme general fiber of the projection vTj, which is defined 
over C{Xi x . . . x x XiX Xj+i x . . . x Xr). Suppose that rkPic(Xi) = . . . = rkPic(Xr) = 1. 

Remark 1.42. There are natural embeddings of groups 

r 

JjBir(X,) C <^Bir(Ari), . . . ,Bir(Afr)^ C Bir(^Xi x . . . x 

The following generalization of Theorem 11.281 holds (see [11] ) . 

Theorem 1.43. Suppose that Xi,X2, ■ ■ ■ ,Xr are universally birationally rigid. Then 

• the variety Xi is non-rational and 

Bir(^Xi X ...X Xr^ = <|Bir(A'i ),..., Bir(;t;),Aut(^Xi x . . . x X,.^ 

• for every rational dominant map p: Xi x . . . x Xr ---^ Y, whose general fiber is rationally 
connected, there is a subset {ii, . . . , i^} C {1, . . . , r} and a commutative diagram 

Xi X . . . X Xr ^ Xi X . . . X Xr 

~^ ^ P 

IT ^ 

Xi^x ...xXi^ ^ 

where ^ and a are birational maps, and vr is a projection, 
in the case when the inequalities lct(Xi) ^ l,lct(X2) ^ 1, . . . ,\ct{Xr) ^ 1 hold. 

Corollary 1.44. Suppose that there are subgroups Fi C Bir(Xi), . . . ,Fr C Bir(Xr) that uni- 
versally untwists all maximal singularities, and lct(Xi) ^ l,lct(A'2) ^ 1, . . . ,lct{Xr) ^ 1. Then 



r 

Bir(^Xi X ... X Xr^ = ( n Aut(^Xi x . . . x X,. 



i=l 



Thus, the following example is implied by Examples 11.71 and 11.411 

Example 1.45 (cf Example 1 1.41 p . Let X be a general hypersurface in P(l, 1, 4, 5, 10) of de- 
gree 20. The sequence 

m 

1^YI(Z2* Z2) Birf X X . . . X ^ ^ 1 

m times 

is exact, where S^ is a permutation group, and Z2 * Z2 is the infinite dihedral group. 
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Suppose now that X is a smooth Fano threefold (see [2j). The threefold X lies in 105 
deformation families (see 08], 09], [50], [52], [5l]). Let 

:i(X) G jl.l, 1.2, . . . , 1.17, 2.1, . . . , 2.36, 3.1, . . . , 3.31, 4.1, . . . , 4.13, 5.1, . . . , 5.7, S.s} 

be the ordinal number of the deformation type of the threefold X in the notation of Table [TJ 
The main purpose of this paper is to prove the following result. 

Theorem 1.46. The following assertions hold: 

• lct(X) = 1/5, ifliX) G {2.36,3.29}; 

• lct(X) = 1/4, if :i(X) G {1.17,2.28,2.30,2.33,2.35,3.23,3.26,3.30,4.12}; 

• lct(X) = 1/3, ii2{X) G {1.16,2.29,2.31,2.34,3.9,3.18,3.19,3.20,3.21,3.22,3.24,3.25, 
3.28, 3.31, 4.4, 4.8, 4.9, 4.10, 4.11, 5.1, 5.2}; 

• lct(X) = 3/7, if :i(X) = 4.5; 

• lct(X) = 1/2, if 2{X) G {1.11, 1.12, 1.13, 1.14, 1.15, 2.1, 2.3, 2.18, 2.25, 2.27, 2.32, 3.4, 3.10, 
3.11, 3.12, 3.14, 3.15, 3.16, 3.17, 3.24, 3.27, 4.1, 4.2, 4.3, 4.6, 4.7, 5.3, 5.4, 5.5, 5.6, 5.7, 5.8}; 

• if X is a general threefold in its deformation family, then 

- lct(X) = 1/3 if n(X) = 2.23, 

-lct{X) = 1/2 if :i(X) G {2.5,2.8,2.10,2.11,2.14,2.15,2.19,2.24,2.26,3.2,3.5,3.6, 
3.7,3.8,4.13}, 

- lct{X) = 2/3 if n(X) = 3.3, 

- lct{X) = 3/4 if n(X) G {2.4,3.1}, 

- lct{X) = 1 iiXX) = 1.1. 

The generality condition in Theorem 11.461 can not be omitted in many cases. 

Example 1.47. Suppose that 2{X) = 4.13. Note that this deformation type was omitted in [50], 
and it has been discovered only twenty years later (see [51j). There is a birational morphism 

a: X — > X X 

that contracts a surface C X to a curve C such that C ■ Fi = C ■ F2 = 1 and C ■ = 3, where 

Fi ^ F2 ^ F3 ^ P^ X P^ 
are fibers of three different projections P-*^ x P-*^ x P-*^ ^ P^ , respectively. Then 

lct(X) = 1/2 

by Theorem 11.461 if X is general. There is a surface G G \Fi + i<2| such that C C G. Then 

-Kx 2G + E + Fs, 

where F^ C X D G are proper transforms of i<3 and G, respectively. Then lct(X) ^ 1/2. But 

lct{X) ^ lct(x, 2G + F + F3) ^ 4/9 < 1/2 

in the case when the intersection F^DG consists of a single point. 

We organize the paper in the following way. In Sections [21 [3] and H] we consider auxiliary 
results that are used in the proof of Theorem 11.461 In Section \5\ we compute global log canon- 
ical thresholds of toric Fano varieties. In Section [6l we prove Theorem 11.461 for smooth Fano 
threefolds of index 2, i.e., for 

n(X) G |l.ll,1.12, 1.13, 1.14, 1.15,2.32,2.35,3.27}. 

In Section [71 we prove Theorem 11.461 in the case when rkPic(X) = 2. In Section [HI we prove 
Theorem 1 1 . 46 1 in the case when rkPic(X) = 3. In Section [H we prove Theorem 11.461 in the case 
when rkPic(X) ^ 4. In Section [TOl we find upper bounds for lct(X) in the case when 

2{X) G |l.8, 1.9, 1.10, 2.2, 2.7, 2.9, 2.12, 2.13, 2.16, 2.17, 2.20, 2.21, 2.22, 3.13} . 

In Appendix[Al written by J. -P. Demailly, the relation between global log canonical thresholds of 
smooth Fano varieties and the a-invariants of smooth Fano varieties introduced by G. Tian in [3] 
for the study of the existence of Kahler-Einstein metrics is established. In Appendix[Bl we put 
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Table [J that contains the hst of all smooth Fano threefolds together with the known values and 
bounds for their global log canonical thresholds. 

We use a standard notation Di ~ D2 (resp., Di ~q D2) for the linearly equivalent (resp., 
Q-linearly equivalent) divisors (resp., Q-divisors). If a divisor (resp., a Q-divisor) D is linearly 
equivalent to a line bundle C (resp., is Q-linearly equivalent to a divisor that is linearly equivalent 
to £), we write D C (resp., D £). Recall that Q-linear equivalence coincides with 
numerical equivalence in the case of Fano varieties. 

The projectivisation Py(<f ) of a vector bundle if^ on a variety Y is the variety of hyperplanes 
in the fibers of E. The symbol F„ denotes the Hirzebruch surface P(Opi © C'pi(n)). 

We always refer to a smooth Fano threefold X using the ordinal number 1{X) introduced in 
Table E 

We are very grateful to J.-P. Demailly for writing Appendix [Aj and to C.Boyer, A.Iliev, 
P. Jahnke, A.-S. Kaloghiros, A. G. Kuznetsov, J.Park and Yu. G. Prokhorov for useful discus- 
sions. The first author would like to express his gratitude to IHES (Bures-sur-Yvette, France) 
and MPIM (Bonn, Germany) for hospitality. 

2. Preliminaries 

Let X be a variety with log terminal singularities. Let us consider a Q-divisor 

r 

Bx = ^ aiBi, 

i=l 

where Bi is a prime Weil divisor on the variety X, and Oj is an arbitrary non- negative rational 
number. Suppose that Bx is a Q-Cartier divisor such that Bi ^ Bj for i ^ j. 
Let vr : X ^ X he a. birational morphism such that X is smooth. Put 

r 

Bx = ^ aiBi, 

i=l 

where Bi is a proper transform of the divisor Bi on the variety X. Then 

n 

Kx + Bx ~Q TT* (Kx + Bx) + 

i=l 

where q E Q, and Ei is an exceptional divisor of the morphism vr. Suppose that 

is a divisor with simple normal crossing. Put 

B^ = Bx — ^ CiEi. 

i=l 

Definition 2.1. The singularities of {X,Bx) are log canonical (resp., log terminal) if 

• the inequality Oj ^ 1 holds (resp., the inequality Oj < 1 holds), 

• the inequality Cj ^ — 1 holds (resp., the inequality Cj > —1 holds), 

for every i = 1, . . . , r and j = 1, . . . , n. 

One can show that Definition 12 . II does not depend on the choice of the morphism tt. Put 

LCs(^X,Bx) = I U ^' I U ( U ^(^*) I £ ^' 

then LCS(X, i?x) is called the locus of log canonical singularities of the log pair {X,Bx)- 

Definition 2.2. A proper irreducible subvariety Y X is said to be a center of log canonical 
singularities of the log pair {X,Bx) if one of the following conditions is satisfied: 

• either the inequality ^ 1 holds and Y = Bi, 
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• or the inequality Cj ^ — 1 holds and Y = iT{Ei) for some choice of the birational morphism 
Let LCS(X, be the set of all centers of log canonical singularities of {X,Bx)- Then 

and LCS(X,Sx) = <^ LCS(X,5x) = ■^=> the log pair {X,Bx) is log terminal. 

Remark 2.3. Let 7^ be a linear system on X that has no base points, let H he a sufficiently 
general divisor in the linear system TC, and let y C X be an irreducible subvariety. Put 



y 



where Zi <Z H is an irreducible subvariety. It follows from Definition l2.2l (cf. Theorem 12. 19p that 

Example 2.4. Let a: V ^ X he a blow up of a smooth point O G X. Then 

By ~Q a*(-Bx) - multo(-Bx)-E, 
where multo(-Bx) € Q, and E is the exceptional divisor of the blow up a. Then 

multo(Sx) > 1 

if the log pair {X, Bx) is not log canonical at the point O. Put 

B^ = Bv + (multo(Sx) - dim(X) + l)^, 

and suppose that multo(-Bx) ^ dim(X) — 1. Then O G LCS(X, Bx) if and only if 

• either E G 1LCS{V,B^), i.e. multo(Sx) ^ dim(X), 

• or there is a subvariety Z CE such that Z G hCS{V,B^). 

The locus LCS{X, Bx) C X can be equipped with a scheme structure (see [20], [iQ]). Put 

n r 

2(^X,Bx) =vr*(^[cilSi- J^[a,jSi), 

and let C{X, Bx) he a subscheme that corresponds to the ideal sheaf I{X, Bx)- 

Definition 2.5. For the log pair {X,Bx), we say that 

• the subscheme C{X, Bx) is the subscheme of log canonical singularities of {X, Bx), 

• the ideal sheaf 2{X, Bx) is the multiplier ideal sheaf of {X, Bx)- 

It follows from the construction of the subscheme C{X, Bx) that 

Supp( C{X,Bx)) =LCs(x,Bx) C X. 



The following result is the Nadel-Shokurov vanishing theorem (see jlO], |531 Theorem 9.4.8]). 
Theorem 2.6. Let H he a nef and big Q-divisor on X such that 

Kx+Bx + H ^qD 
for some Cartier divisor D on the variety X. Then for every i ^ 1 

W(^X, l{X,Bx)®D^ =0. 

For every Cartier divisor D on the variety X, let us consider the exact sequence of sheaves 
Q ^Z^X,Bx) ®D ^ Ox{D) ^ Oc(x,B^){D) 
and let us consider the corresponding exact sequence of cohomology groups 

H^(Ox{D)) ^ H^(Ocix,B^){D)) ^H'(i{X,Bx)^d). 

Theorem 2.7. Suppose that —{Kx + Bx) is nef and big. Then LCS(X, Bx) is connected. 
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Proof. Put D = 0. Then it follows from Theorem 12.61 that the sequence 



is exact. Thus, the locus 

LCS(^X, Sx) =Supp(^£(X, Ex) 
is connected. □ 

Let us consider few elementary applications of Theorem 12.71 (cf. Example ll.lOp . 
Lemma 2.8. Suppose that LCS(X, Bx) / 0, where X = f"^, and 

Bx ~Q —XKx 
for some rational number < A < n/(n + 1). Then 

• the inequality dim(LCS(X, Bx)) ^ 1 holds, 

• the subscheme C{X,Bx) does not contain isolated zero-dimensional components. 
Proof. Suppose that there is a point O (z X such that 

LCS(^X,XBx^ = OUS, 

where S C X is a possibly empty subset such that O ^ X. 
Let H he a general line in X = P^. Then the locus 

LCS(^X,XBx + = OUFUE 

is disconnected. But the divisor —(Kx + XBx+H) is ample, which contradicts Theorem l2.7l □ 

Lemma 2.9. Suppose that LCS(X, Bx) ^ 0, where X = P^, and 

Bx —XKx 

for some rational number < A < 1/2. Then LCS(X, Bx) contains a surface. 
Proof. Suppose that LCS(X, Bx) contains no surfaces. Let 5 C P'^ be a general plane. The locus 

LCS(P^ Bx + S^ 

is connected by Theorem 12.71 Then {S,Bx\s) is not log terminal by Remark 12.31 But the locus 

LCsfs, Bx 



5V 

consists of finitely many points, which is impossible by Lemma 12. 8[ □ 
Lemma 2.10. Suppose that LCS(X, Bx) 7^ 0, where X is a smooth quadric threefold in P^, and 

Bx '^Q —XKx 

for some rational number < A < 1/2. Then LCS(X, Bx) contains a surface. 

Proof. Let L C X be a general line, let Pi € L 9 P2 be two general points, let Hi and H2 be 
the hyperplane sections of X that are tangent to X at the points Pi and P2, respectively. Then 

LCS (^X, XBx + ^(i^i +1/2)) = LCS(X, XBx) U L 

is disconnected, which is impossible by Theorem 12. 7[ □ 
Remark 2.11. One can prove Lemmas 1 2. 9 1, 12. 10] and [2^28] using the following trick. Suppose that 

Bx '^Q —XKx 

for some A G Q such that < A < 1/2, where X is either P^ or pi X p2, or a smooth quadric 
threefold, and the set LCS(X, Px) contains no surfaces. Then 

LCS(X, Px) C S, 
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where S C X is a (possibly reducible) curve. For a general (p E Aut(X) we have 

which implies that LCS(X, </>(5x)) n LCS(X, Bx) = 0. But 

LCS(X, <p{Bx)+Bx) =LCS(X, |J LCs(x, 



whenever (j) is sufficiently general. The latter contradicts Theorem 12.71 since A < 1/2. 
Lemma 2.12. Suppose that LCS(X, Bx) 7^ 0, where X is a blow up of in one point, and 

Bx ~Q — A-f^x 

for some rational number < A < 1/2. Then LCS(X, contains a surface. 
Proof. Suppose that the set LCS(X, contains no surfaces. Let 

a: X — > p3 

be the blow up of a point, and let E be the exceptional divisor of a. In the case when 

LCS(X, \Bx^ 2 E, 

we can apply Lemma [2.9l to the pair (P^, a{Bx)) to get a contradiction. Hence LCS(X, Bx) Q E. 

Let C P^ a general hyperplane, and let Hi C P^ D H2 be general hyperplanes that pass 
through a{E). Denote by Hi and H2 the proper transforms of these planes on X. Then 

LCS {x, Bx + ^ [Hi + H2 + 2H 

is disconnected, which is impossible by Theorem 12.71 □ 
Lemma 2.13. Suppose that X is a cone in P^ over a smooth quadric surface, and 

Bx ~Q — A-f^x 

for some rational number < A < 1/3. Then LCS(X, Bx) = 0- 

Proof. Suppose that hC§{X, Bx) 7^ 0- Let S* C X be a general hyperplane section. Then 



LCS (5, Bx 



0, 



because 5 = P^ x P^ and lct(pi x P^) = 1/2 (see Example [TTO]) . 
One has \LCS{X, Bx)\ < +00 by Remark |2. 31 Then the locus 



LCS(^X, Bx + Sj 

is disconnected, which contradicts Theorem 12.71 □ 
The following result is a corollary Theorem 12.61 (see [20\ Theorem 4.1]). 

Lemma 2.14. Suppose that —{Kx + Bx) is nef and big and dim(LCS(X, i?x)) = 1- Then 

• the locus LCS(X, Bx) is a connected union of smooth rational curves, 

• every two irreducible components of the locus LCS(X, Bx) meet in at most one point, 

• every intersecting irreducible components of the locus LCS(X, i?x) rneet transversally, 

• no three irreducible components of the locus LCS(X, i?x) nieet in one point, 

• the locus LCS(X, Bx) does not contain a cycle of smooth rational curves. 

Proof. Arguing as in the proof of Theorem l2.71 we see that the locus LCS(X, Bx) is a connected 
tree of smooth rational curves with simple normal crossings. □ 

To consider another application of Theorem 12. 7^ we need the following result (see [53] ) . 

Lemma 2.15. Suppose that X is a hypersurface in P™, and 

Bx ~Ql Ofm{l) 

X 

Let 5 C X be an irreducible subvariety such that dim(S') ^ k. Then 

um\ts{Bx) ^ 1. 
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Proof. See [33]. □ 

Let us consider another simple application of Theorem 12.71 and Lemma 12.151 
Lemma 2.16. Let X be a cubic hypersurface in such that [Sing(X)| < +oo. Suppose that 

Bx ~Q —Kx, 

and there is a positive rational number A < 1/2 such that LCS(X, XBx) 7^ 0- Then 

LCS(^X, XBx^ = L, 
where L is a line in X C such that L n Sing(X) 0. 
Proof. Let 5 be a general hyperplane section of X. Then 

SULCS(^X, XBx^ CLCS(^X, XBx + 
which implies that dim(LCS(X, Ai?x)) ^ 1 by Theorem 12.71 Then 

/0 



O 



LCS(5, XBx 

by Remark 12.31 But |LCS(S', XBx\s)\ < +00 by Lemma [2. 151 There is a point O G S such that 

LCS(S, XBx 

by Theorem 12. 71 Therefore, there is a line L C X such that LCS(X, XBx) = L hy Remark[ 
Arguing as in the proof of Lemma 12.151 we see that L D Sing(X) 7^ 0. □ 

Similar to Lemma 12.161 one can prove the following result. 

Lemma 2.17. Suppose that there is a double cover r: X — > P^ branched over an irreducible 
reduced quartic surface i? C P^ that has at most ordinary double points, the equivalence 

Bx ~Q —XKx 

holds and LCS(X,Sx) / 0, where A < 1/2. Then Sing(X) ^ and 

LCsfx, Bx\ = L, 



where L is an irreducible curve on X such that —Kx ■ L = 2 and L D Sing(X) 7^ 0. 
Proof. We have —Kx ~ 2H, where H is a Cartier divisor on X such that 

H - T*(^Op3(l)). 
The variety X is a Fano threefold, and H'^ = 2. Then 

LCS(X, Bx + H^ 
must be connected by Theorem 12.71 Thus, there is a curve 

C G LCsfx, Bx 



which implies that multc(i?x) ^ 1/A > 2. 

Let 5* be a general surface in \H\. Put Bs = Bx\s- Then 

—Ks ~ -H'l^^ ~Q A^"^' 

but the log pair (5, Bs) is not log canonical in every point of the intersection S fl LCS(X, Bx)- 
The surface H is a. smooth surface in P(l, 1, 1, 2) of degree 4. 
Let P be any point in 5" fl LCS(X, Bx)- Then there is a birational morphism 

p: S — > S 

such that 5 is a cubic surface in P^ and p is an isomorphism in a neighborhood of P. Then 

X p[Bs)) 
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is not log terminal at the point p{P). Thus, we have l-iCS{S , p{B $)) 7^ 0- But 

^p{Bs) ~(Q -Kg ~ C'p3(l) _, 
which implies that LCS(5, p{Bs)) consists of one point by Lemma 12.151 and Theorem 12.71 Then 

p = sr\C = sr\ Lcs [x, Bx) 

if the point P is sufficiently general. Therefore, we see that 

hCs[x,Bx) = C, 

the curve C is irreducible and —Kx -0 = 2. Then t(C) C is a line. 
Suppose that C fl Sing(X) = 0. Let us derive a contradiction. 
Suppose that t(C) C R. Take a general point O G C. Let 

t(o) e n c 

be a plane that is tangent to R at the point t(0). Arguing as in the proof of Lemma 12.151 
see that R\u is reduced along r(C), because t(C) fl Sing(i?) = 0. Fix a general line 

r c n c 

such that t(0) € T. Let F C X be an irreducible curve such that t{T) = F. Then 

f 2Supp(5x), 

because F spans a dense subset in P^ when we vary the point O € C and the line F C 11. Note 
that H ■ T equals either 1 or 2, and multo(r) = 2 in the case when H ■ Gamma = 2. Hence 

H f > 2XH f = f Bx^ multo(f)multc(Sv) ^ H T, 

which is a contradiction. Thus, we see that t(C) {Z! R. 
There is an irreducible reduced curve C C X such that 

t{C) = t{C) C P2 

and C ^ C. Let y be a general surface in \H\ that passes through the curves C and C. Then 
Y is smooth, because C fl Sing(X) = 0, and 

C-C = C-C = -2 

on the surface Y. 

By construction, we have Y ^ Supp(-Bj)f)- Put By = Bx\y- Then 

By = multg {Bx) C + multc {Bx)C + A 

where A is an effective Q-divisor on the surface Y such that C if. Supp(A) 'fi C. But 

By ~Q 2a(c + c), 

which implies, in particular, that 

(2X - muhc{Bx)^C- C = (multciBx) - 2a) C • C7 + A • C ^ (multc{Bx) - 2a)(5 • C7 ^ 0, 
because A • C ^ and C ■ C ^ 0. Then niultQ{Bx) ^ 2A, because C • C < 0. Thus, we have 

-A ~Q (multc{Bx) - 2a)c + (^multc(Sx) - 2a)c7 
which is impossible, because umltc{Bx) > 2A and Y is projective. □ 

One can generalize Theorem 12. 71 in the following way (see |40[ Lemma 5.7]). 
Theorem 2.18. Let ^: X — > Z be a morphism. Then the set 

LCS(^X, B^^ 

is connected in a neighborhood of every fiber of the morphism ^ o vr : X ^ Z in the case when 
• the morphism ip is surjective and has connected fibers, 
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• the divisor —{Kx + Bx) is nef and big with respect to '(/'■ 

Let us consider one important apphcation of Theorem 12.181 (see [411 Theorem 5.50]). 

Theorem 2.19. Suppose that Bi is a Cartier divisor, ai = 1, and Bi has at most log terminal 
singularities. Then the following assertions are equivalent: 

• the log pair (X, Bx) is log canonical in a neighborhood of the divisor Bi\ 

• the singularities of the log pair Yl\=2 ^i^Abi) are log canonical. 

The simplest application of Theorem 12.191 is a non-obvious result (see j4l] Corollary 5.57]). 
Lemma 2.20. Suppose that dim(X) = 2 and ai ^ 1. Then 



a^B^ • Si > 1 



i=2 



whenever {X, Bx) is not log canonical at some point O € Bi such that O ^ Sing(X) U Sing(i?i). 
Proof. Suppose that {X, Bx) is not log canonical in a point O £ Bi. By Theorem 12. 19| we have 



> 1 



aiBij ■ Bi ^ multo y ^ a^Bi 

1=2 i=2 

if O Sing(X) U Sing(i?i), because {X, Bi + Y2l=2 o-i^i) is not log canonical at the point O. □ 

Let us consider another application of Theorem 12.191 (cf. Lemma l2.29p . 
Lemma 2.21. Suppose that X is a Fano variety with log terminal singularities. Then 

lct(P^ X X) = min I lct(X] 



2' 

Proof. The inequalities 1/2 ^ lct(y x U) ^ lct(X) are obvious. Suppose that 



\ct(¥^ X < min Q, lct{X)^ 



and let us show that this assumption leads to a contradiction. 

There is an effective Q-divisor D ~q — ETpi^x such that the log pair 

K X, XD 

is not log canonical in some point P € X X, where A < min(l/2, lct(X)). 
Let F be a fiber of the projection ¥^ x X such that P e F. Then 

D = fiF + n, 

where Q is an effective Q-divisor on P"*^ x X such that F Supp(J7). 
Let L be a general fiber of the projection x X ^ X. Then 

2 = L)-L = /i + ri-L^//, 

which implies that the log pair (P^ x X, F + Wt) is not log canonical at the point P. Then 



is not log canonical at the point P by Theorem 12. 191 But 



F ^ 



r 



n 

which is impossible, because X = F and A < lct(X). □ 
Let P be a point in X. Let us consider an effective divisor 

r 

A = ^ EiBi ~Q Bx, 
1=1 

where Ei is a non-negative rational number. Suppose that 
• the divisor A is a Q-Cartier divisor, 
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• the equivalence A ~(q Bx holds, 

• the log pair (X, A) is log canonical in the point P E X. 

Remark 2.22. Suppose that {X,Bx) is not log canonical in the point P € X. Put 

a = min | — e,, 7^ 
where a is well defined, because there is / 0. Then a < 1, the log pair 

/ r \ 

a,- — aSi 



-Bi 



- a 



is not log canonical in the point P €z X, the equivalence 

r 

^-Bj ~Q Bx ~Q A 

i=l 

holds, and at least one irreducible component of the divisor Supp(A) is not contained in 

/ T \ 

a,- — aSj 



supp 



\i=l 

The assertion of Remark 12.221 is obvious. Nevertheless it is very useful. 
Lemma 2.23. Suppose that X = Ci x C2, where Ci and C2 are smooth curves, suppose that 

Bx ~Q + fiF 
where E = Ci and F = C2 are curves on the surface X such that 

E ■ E = F ■ F = 

and E ■ F = 1, and A and /i are non- negative rational numbers. Then 

• the pair {X, Bx ) is log terminal if A < 1 and ^ < 1 , 

• the pair (X, Bx) is log canonical if A ^ 1 and ^ ^ 1. 

Proof. Suppose that A,// < 1, but {X,Bx) is not log terminal at some point P ^ X. Then 

multp{Bx) ^ 1, 

and we may assume that E Supp(i?x) or F ^ Supp(i?x) by Remark 12.221 But 

E-Bx = y^. F-Bx = \ 
which immediately leads to a contradiction, because multp(i?x) ^1- D 
Let \Bx\ be a class of Q-rational equivalence of the divisor Bx- Put 
lct(^X, [Bx]) = inf |lct(X, D) D is an effective Q-divisor on X such that ~q 5x| ^ 0, 
and put lct(X, [Bx\) = +00 if Bx = 0. Note that Bx is an effective by assumption. 
Remark 2.24. The equality lct(X, [-Kx]) = \ci{X) holds (see Definition [O]) . 

Arguing as in the proof of Lemma [2211 we obtain the following result. 
Lemma 2.25. Suppose that there is a surjective morphism with connected fibers 

(j): X — > Z 

such that dim(Z) = 1. Let be a fiber of (j) that has log terminal singularities. Then either 



\ciF[X,Bx] ^ let F, 



Bx\ 

or there is a positive rational number e < lct(F, [-Bx|f]) such that F C LCS{X,eBx)- 
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Proof. Suppose that lctF{X, Bx) < lct{F, [Bx\f])- Then there is a rational number 

£ < IctfF. 



Bx\ 

such that the log pair {X,£Bx) is not log canonical at some point P ^ F. Put 

Bx = nF + n, 

where is an effective Q-divisor on X such that F ^ Supp(n). 

We may assume that e^u ^ 1. Then {X, F + is not canonical at the point P. Then 

V, en 



is not log canonical at P by Theorem 12.191 But Jlji? Bx\f-, which is a contradiction. □ 

Let us show how to apply Lemma |2.25[ 

Lemma 2.26. Let Q C P'* be a cone over a smooth quadric surface, and let a: X — > Q be a 
blow up along a smooth conic C C Q \ Smg{Q). Then lct(X) = 1/3. 

Proof. Let H he a general hyperplane section of Q C F"^ that contains C, and let ^ be a proper 
transform of the surface H on the threefold X. Then 

-Kx r^3H + 2E, 

where E is the exceptional divisor of a. In particular, the inequality lct(X) ^1/3 holds. 

We suppose that lct(X) < 1/3. Then there exists an effective Q-divisor D ~q —Kx such 
that the log pair {X, XD) is not log canonical for some positive rational number A < 1/3. 

There is a commutative diagram 

X 



Q 





where /3 is a morphism given by the linear system |^|, and V is a projection from the two- 
dimensional linear subspace that contains the conic C. 

Suppose that LCS(X, XD) contains a surface M C X. Then 

D = fiM + n, 

where /i ^ 1/A, and 0, is an effective Q-divisor such that M (f_ Supp(O). 
Let F be a general fiber of /?. Then F ^ x and 



D 



= iiM 

F 



+ n 

F 



~(n) —Kp, 
F ^ 



which immediately implies that M is a fiber of the morphism (3. But 

a{D) = fia{M) + a(0) ~(q -Kq ~ 3a (M), 

which is impossible, because fi ^ 1/ X > 3. Thus, the set L,CS{X,XD) contains no surfaces. 
There is a fiber S of the morphism (3 such that 

S / 5nLCs(x, XD^ ^ 0, 

which implies that S is singular by Lemma 12.251 because lct(pi X pi) = 1/2. 
Thus, the surface S is an irreducible quadric cone in P^. Then 

LCS(X, Xd] C S 



by Theorem 12.71 We may assume that either S (f. Supp(L') or E (t Supp(L') by Remark 12.221 
because 

X, S + ^E 

has log canonical singularities, and the equivalence 35" -|- 2E ~(q D holds. 
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Put T = E f] S. The curve T is an irreducible conic in S. Then 

Lcs(x, xd) C r 



by Lemma 12.131 Intersecting D with a general ruling of the cone 5 C P'^, and intersecting D 
with a general fiber of the projection E ^ C, we see that 

r 2 Lcs(x, xd), 



which implies that LCS{X, XD) consists of a single point O € F by Theorem 12.71 
Let Rhe a general (not passing through O) surface in \a*{H)\. Then 

LCS (^X, XD + ^(^H + 2R)^ =RuO, 

which is impossible by Theorem 12.71 since —Kx ^ H + 2R ~q D and A < 1/3. □ 

The following generalization of Lemma 12.251 follows from [541 Proposition 5.19] (cf. [6j). 

Theorem 2.27. Let (p: X — > Z he a surjective flat morphism with connected fibers such 
that Z has rational singularities, and all scheme fibers of (j) has at most canonical Gorenstein 
singularities. Let -F be a scheme fiber of (p. Then either IctpiX, Bx) ^ \ct{F, [Bx\f]), or there 
is a positive rational number e < lct(F, [-BxIf]) such that F C LCS(X, ei^x)- 

Let us consider two elementary applications of Theorem 12.271 

Lemma 2.28. Suppose that LCS(X, Bx) + 0, where X ^ x and 

Bx ~(Q —XKx 

for some rational number < A < 1/2. Then LCS(X, Bx) contains a surface. 
Proof. Suppose that L,CS{X, Bx) contains no surfaces. By Theorems 12.71 and 12.271 we have 

LCS(X, Bx) =F, 

where F is a fiber of the natural projection 112: X ^ P^. Let 5 be a general surface in 

let Ml and M2 he general fibers of the natural projection vri : X — > P^. Then the locus 

LCS (^X, XD + ^(^Mi + M2 + 3S)^ =FUS 

is disconnected, which is impossible by Theorem 12.71 □ 

Lemma 2.29. Let V and U he Fano varieties with at most canonical Gorenstein singularities. 
Then 

lct(v xu) = min(^lct(y), lct(f/) 

Proof. The inequalities lct(C/) ^ lct(y x U) ^ lct(C/) are obvious. Suppose that 

lct(v xu) < min(^lct(y), lct(;7)), 

and let us show that this assumption leads to a contradiction. 

There is an effective Q-divisor D ~q —KyxU such that the log pair 



(V X U, XD 



is not log canonical in some point P & V x U , where A < min(lct(y), lct(C/)). 

Let us identify V with a fiber of the projection V x U ^ U that contains the point P. The 
inequalities 

lct(y) > A > lctv(v xU, d)^ \ci(y, D\y ) = \ci(y, [-Kv])= \ci{V) 

are inconsistent. So, it follows from Theorem 12.271 that the log pair {V x U, XD) is not log 
canonical in every point of V CV x U. 
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Let us identify U with a general fiber of the projection V U ^ V . Then 



D 



let fx) 



and ([/, \D\u) is not log canonical in [7 n F by Remark 12.31 (applied dim(y) times here), which 
contradicts the inequality A < \ci{U). □ 

We believe that the assertion of Lemma [229] holds for log terminal varieties (cf. Lemma [2.2ip . 

3. Cubic surfaces 

Let X be a cubic surface in that has at most one ordinary double point. 

Definition 3.1. A point O ^ X \s said to be an Eckardt point if O Sing(X) and 

= LinL2nL3, 

where Li, L2, L3 are different lines on the surface X C P^. 

General cubic surfaces have no Eckardt points. It follows from Example 11.101 and 11.111 that 

3/4 when X has no Eckardt points and Sing(X) = 

2/3 when X has an Eckardt point or Sing(X) 7^ 0, 

Let D be an effective Q-divisor on X such that D ~(q —Kx, and let a; be a positive rational 
number such that uj < 3/4. In this section we prove the following result (cf. [3], |15)). 

Theorem 3.2. Suppose that {X,ujD) is not log canonical. Then 

LCS(X, LuD^ = O, 

where O € X is either a singular point or an Eckardt point. 

Suppose that (X,ljD) is not log canonical. Let P be a point in LCS{X, ujD). Suppose that 

• neither P = Smg{X), 

• nor P is an Eckardt point. 

Lemma 3.3. One has LCS{X,ujD) = P. 

Proof. Suppose that LCS{X, ujD) 7^ P. Then there is a curve C C X such that 

P G C C LCS(^X,iuD^ 

by Theorem 12.71 Then there is an effective Q-divisor Q on X such that C (f. Supp(r2) and 

D = /iC + f], 

where \i ^ l/w. Let be a general hyperplane section of X. Then 

3 = H-D = fiH-C + H-n;? fideg{C) , 

which implies that either deg(C) = 1, or deg(C) = 2. 

Suppose that deg(C) = 1. Let Z be a general conic on X such that —Kx C + Z. Then 

' 2^ if C n Sing(X) = 

3^/2 if C n Sing(X) / 0, 

which implies that fi ^ 4/3. But ^ 1/uj > 4/3, which gives a contradiction. 
We see that deg(C) = 2. Let L be a line on X such that —Kx ^ C + L. Then 

D = fiC + XL + T, 

where A G Q such that A ^ 0, and T is an effective Q-divisor such that C (t Supp(T) 7^ L. Then 

'2^-Aif CnSing(X) =0 

3^/2 - A/2 if C n Sing(X) / 0, 

which implies that fi ^ 7/6 < 4/3, because A ^ 4/3 (see the case when deg(C) = 1). But 
H > 4/3, which gives a contradiction. □ 
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2 = Z-D = fiZ-C + Z-n^nZ-C 



l = L-D = fiL-C + XL-L + L-T^fiL-C + XLL 



Let TT : U ^ X he a blow up of P, and let E be the vr-exceptional curve. Then 

D ~Q TT* (D) + mult p (D) E, 
where multp(-D) ^ 1/uj and D is a proper transform of D on the surface U. The log pair 

V, ujD + (u;multp(L>) - l)E^ 

is not log canonical at some point Q £ E. Then either multp(-D) ^ 2/lj, or 

(3.4) multQ(Z)) + multp(L>) ^ 2/uj > 8/3, 

because the divisor coD + (cjmultp(D) — 1)E is effective. 

Let T be the unique hyperplane section of X that is singular at P. We may assume that 

Supp(r) 2 Supp(L>) 

by Remark 12.221 because {X, ujT) is log canonical. The following cases are possible: 

• the curve T is irreducible; 

• the curve T is a union of a line and an irreducible conic; 

• the curve T consists of 3 lines. 

Hence T is reduced. Note that multp(T) = 2 since P is not an Eckardt point. We exclude these 
cases one by one. 

Lemma 3.5. The curve T is reducible. 

Proof. Suppose that T is irreducible. Then there is a commutative diagram 

U 





X ---^P2 

where ip is a double cover branched over a quartic curve, and p is the projection from P G X. 
Let T be the proper transform of T on the surface U. Suppose that Q T. Then 

3-2multp(D) = f-D ^ multQ(f)multQ(Z)) > multQ(r) (^8/3-multp(i:>)) ^ 8/3-multp(D) 

which implies that multp(D) ^ 1/3. But multp(D) > 4/3. Thus, we see that Q ^ T. 
Let r S Aut(C/) be an involutiorH induced by ^p. It follows from [l2] that 



T*(7r*{-Kx)) r^7r*{-2Kx) -3E, 

and r(r) = E. Put Q = vr o r(Q). Then Q ^ P, because Q f. 

Let H be the hyperplane section of X that is singular at Q. Then T ^ H, because P ^ Q 
and T is smooth outside of the point P. Hence P ^ because otherwise 

3 = H multp(i?)multp(r) + mult^(P")mult^(r) ^ 4. 

Let H be the proper transform of H on the surface U. Put R = t{H) and R = 7t{R). Then 

P ~ vr* ( - 2Kx) - 3E, 

ant the curve R must be singular at the point Q. 

Suppose that R is irreducible. Taking into account the possible singularities of R, we see that 

X, -R 

8 

is log canonical. Thus, we may assume that R ^ Supp(D) by Remark 12.221 Then 
6 - 3multp(P)) =R-D^ multQ(i?)multQ(i5) > 2(8/3 - multp(P») 



which implies that multp(D) < 2/3. But multp(D) > 4/3. The curve R must be reducible. 
The curves R and H are reducible. So, there is a line L C X such that P ^ L 3 Q. 



The involution r induces an involution in Bir(X) that is called a Geiser involution. 
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Let L be the proper transform of L on the surface U . Put Z = t{L). Then L ■ E = and 

L-f = L-Tr*{-Kx) = l, 

which imphes that Z ■ E = 1 and Z • vr* ( — Kx) = 2. We have Q £ Z. Then 

2 - multp(L>) = Z -D^ multQ(Z)) > 8/3 - multp(L») > 2 - multp(L>) 

in the case when Z ^ Supp(-D). Hence, we see that Z C Supp(l)). 
Put Z = 7r{Z). Then Z is a conic such that P £ Z and 

-Kx r^L + Z, 

which means that L U Z is cut out by the plane in that passes through Z. Put 

D = eZ + T, 

where e G Q such that e ^ 0, and T is an effective Q-divisor such that Z ^ Supp(T). 
We may assume that L ^ Supp(T) by Remark 12.221 Then 



l = L-D = eZ-L + L-T;?£Z-L 



2e if ZnSing(X) = 0, 
3e/2 if ZnSing(X) / 0, 



which imphes that e ^ 2/3. 

Let T be the proper transform of T on the surface U . Then the log pair 



U, eujZ + ujT+ (wmult p{D) -1)e] 
is not log canonical at Q £ Z. Then 

Lof ■ Z + (ujmult p{D) - l) = (cjT + (tjmultp(i:>) -1)e) ■ Z >1 



8/3-multp(L') < Z-T = 2-multp(D) -eZ-Z 



by Lemma |2.20| because e ^ 2/3. In particular, we see that 

■ 2 - multp(L») + e if Z n Sing(X) = 0, 
2 - multp(L>) + e/2 if Z n Sing(X) / 0, 
which imphes that e > 2/3. But e ^ 2/3. □ 
Therefore, there is a line Li C X such that P £ Li. Put 

D = miLi + J7, 

where mi E Q such that is an effective Q-divisor such that Li Supp(O). Then 

' 1 + mi if Li n Sing(X) = 0, 



4/3 <l/i^<ri-Li = l- miLi • Li 



1 + mi/2 if Li n Sing(X) / 0. 



Corollary 3.6. The following inequality holds: 

f 1/3 if Li nSing(X) = 0, 
[ 2/3 if Li nSing(X) / 0. 

Remark 3.7. Suppose that X is singular. Put O = Sing(X). It follows from [16j that 

= rinr2nr3nr4nr5nr6, 

where Fi, . . . , Fg are different lines on the surface X C F^. The equivalence 



-2Kx^Y.^i 



1=1 

holds. Suppose that Li = Fi. Let 112, . . . , He C P'^ be planes such that 

LiCUiD F,, 

and let A2, . . . , Ag be lines on the surface X such that 

Li U Fi U Aj = Hi n X C X C P^ 
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which imphes that —Kx ~ Li + T, + Aj. Then 

6 6 6 

i=2 i=2 i=2 

which imphes that —3Kx ~ 4Li + Yli=2 P^^^ 
is log canonical at the point P. Thus, we may assume that 



Supp 2Supp(D) 



■n = 2- multp(Z)) + miC • L < 2/3 - miC ■ Li 



thanks to Remark 12.221 because Li C Supp(L'). Then there is A^, such that 

1 = D ■ = ^m-iLi + 17^ • Afc = mi + • A^ ^ mi, 
because O A^,. Thus, we may assume that mi ^ 1 if Li n Sing(X) 7^ 0. 

Arguing as in the proof of Lemma 12.151 we see that mi ^ 1 if Li fi Sing(A') = 0. 
Lemma 3.8. There is a line L2 C X such that Li ^ L2 and P ^ L2. 
Proof. Suppose that there is no line L2 C X such that Li ^ L2 and P € L2. Then 

T = Li + C, 

where C is an irreducible conic on the surface X CF'^ such that P G C. 

It follows from Remark 12.221 that we may assume that C % Supp(il), because mi ^ 0. 
Let Li and C be the proper transforms of Li and C on the surface C/, respectively. Then 

I) ~(Q m-iZi + J] ~Q 7r*^miLi + — ^m-i + multp($7)^-E vr*(L') — multp(D)£', 

where is the proper transform of the divisor on the surface U . We have 

[ 2/3 - mi, if Li n Sing(X) = 0, 
[ 2/3 - mi/2, if Li n Sing(X) / 0, 
which implies that mi < 2/3 if Li n Sing(X) = 0. It follows from inequalitv 13.41 that 
multQ(il) > 8/3 - multp(il) - mi(^l + multQ(Zi^ 

Suppose that Q ^ Li. Then it follows from Lemma 12.201 that 

[ 1 + 2mi, if Li n Sing(X) = 0, 

[ 1 + 3mi/2, if Li n Sing(X) / 0, 

which is impossible, because mi ^ 1 if Li n Sing(X) 7^ by Remark 13.71 
We see that Q ^ Li. Suppose that Q & C. Then 

2 - multp(O) - mi - miC ■ Ll = C ■ Q > 8/3 - multp(O) - mi, 

which is impossible, because miC • Zi ^ 0. Hence, we see that Q ^ C. 
There is a commutative diagram 

U 

X ^- - ^ P2 

where ^ is a birational morphism that contracts the curve Zi, the morphism ■0 is a double cover 
branched over a quartic curve, and p is a linear projection from the point P E X. 
Let r be the birational involution of U induced by ip. Then 
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8/3 < Li ■ (n + {multp{n) + mi)-E j = 1 — miLi • Li 



• the involution r is biregular <^=^ Li n Sing(X) = 0, 

• the involution r acts biregularly on [/ \ Li if Li n Sing(X) 7^ 0, 

• it follows from the construction of r that t{E) = C, 

• if Li n Sing(X) = 0, then 

T*(Li) ~Zi, T*{E) r^C, T*(n*{-Kx)^ ~7r*(-2Kx) - 3E-Li. 

Let be the hyperplane section of X that is singular at vr o t{Q) € C. Then P ^ H, because 
C is smooth. Let H be the proper transform of H on the surface U. Then 

Li ^ Supp(^) 2 

and we can put R = t{H) and R = '7t{R). Then R is singular at the point Q, and 

Rr^ TT*{-2Kx) -3E-Li, 

because R does not pass through a singular point of X if Sing(X) 7^ 0. 
Suppose that i? is irreducible. Then + Li ~ — 2Erx, but the log pair 

X, 1(r + Li 



is log canonical. Thus, we may assume that R % Supp(L') by Remark 12.221 Then 

5 - 2{mx + multp(J7)^ + mi (^1 + Li • Zi^ = ^ • J] ^ 2multQ(jl) > 2(^8/3 - mi - multp(il 

which implies that mi < 0. The curve R must be reducible. 

There is a line L d X such that P ^ L and vr o r((5) S -Z^- Then 

LnLi = 0, 

because vr o t[Q) € C and {C + Li) ■ L = T ■ L = 1. Thus, there is unique conic Z C X such that 
—Kx ^ L + Z and P ^ Z. Then Z is irreducible and P = Z f] Li, because (L + .Z^) • Li = 1. 
Let L and Z be the proper transform of L and Z on the surface U, respectively. Then 



L-C = Z-E = 1, Li-Z = L-E = L-Li = 0, Z-Z = l-L Z, L-Z 



■ 2 if L n Sing(X) = 0, 
3/2 if LnSing(X) / 0. 
We have r(Z) = Z. Then Q G Z. Suppose that Z ^ Supp(J^). Then 

2 — mi — multp(ri) = Z ■ Q, > 8/3 — mi — multp(O), 
which is impossible. Thus, we see that Z C Supp(J^). But the log pair 

(x, Lj{L + Z)) 

is log canonical at the point P. Hence, we may assume that Z ^ Supp(il) by Remark 12.221 Put 

D = eZ + miLi + T, 
where T is an effective Q-divisor such that Z (f_ Supp(T) L\. Then 

J 2e if L n Sing(X) = 0, 
\3e/2 if LnSing(X) + 0, 

which implies that e ^ 2/3. But Z n Zi = 0. Then it follows from Lemma 12.201 that 

2 -multp(Z)) -eZ-Z = Z-T> 8/3 - multp(Z)) , 

where T is a proper transform of T on the surface U . We deduce that e > 2/3. But e ^ 2/3. □ 

Therefore, we see that T = Li + L2 + L3, where L3 is a line such that P ^ L^. Put 

D = rriiLi + m2L2 + A, 

where A is an effective Q-divisor such that L2 % Supp(A) ^ L2. 

The inequalities mi > 1/3 and m2 > 1/3 hold by Corollary 13. 6i We may assume that 
L3 2 Supp(A) by Remark 12.221 If the singular point of X (provided that there exists one) is 
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1 = L • D = eL • Z + miL •Li + L- T = eL-Z + L- T^£L-Z 



contained in either Li or L2, we may assume without loss of generahty that it is contained in 
Li. Then L3 • L2 = 1 and L3 • Li = 1/2 in the case when Li Sing(X) 7^ 0, and 

L3 • L2 = -L3 • Li = 1 

in the case when Li f] Sing(X) = 0. Then 1 — miLi • L3 — m2 = L3 • A ^ 0. 

Let Li and Z3 be the proper transforms of Li and L2 on the surface U, respectively. Then 

rriiLi + m2-L2 + A ~q 7r*^miLi + 7712^2 + A^ - ^mi + m2 + multp(A)^£', 

where A is the proper transform of A on the surface U. The inequality 13.41 implies that 

(3.9) multQ(A) > 8/3-multp(A) -mi('l + multQ(Li)) - mi (l + multg (L2) 



Lemma 3.10. The curve L2 does not contain the point Q. 
Proof. Suppose that Q € Z2. Then 

1 — multp(A) — mi + m2 = 1^2 • A > 8/3 — multp(A) — mi — m2 
by Lemma 12.201 Thus, we have m2 > 5/6. It follows from Lemma 12.201 that 

1 — m2 — miLi • Li = A • Li > 4/3 — m2, 
but Li • Li = -1 if Li n Sing(X) = 0, and Li • Li = -1/2 if Li D Sing(X) 7^ 0. Then 

' 1/3 if Li n Sing(X) = 0, 
2/3 if Li n Sing(X) / 0, 
by Corollarv 13.61 which is impossible because m2 > 5/6 and 

1 > miLi • L3 + m2. 



mi > 



X 



□ 



Lemma 3.11. The curve Li does not contain the point Q. 

Proof. Suppose that Q G Li. Arguing as in the proof of Lemma [3.101 we see that 

Li n Sing(X) / 0, 
which implies that Li ■ Li = —1/2. Then mi > 10/9, because 

1 + 3mi/2 = Z2 • (^A + (multp(A) - mi - m2)E^ > 8/3 
by Lemma EJOI But mi ^ 1 by Remark O □ 
Therefore, we see that Li ^ Q ^ L2. There is a commutative diagram 

U 



where C is a birational morphism that contracts the curves Li and L2, the morphism 1/; is a 
double cover branched over a quartic curve, and p is the projection from the point P. 
Let r be the birational involution of U induced by ip. Then 

• the involution r is biregular <^=^ Li n Sing(X) = 0, 

• the involution r acts biregularly on U \Li if Li n Sing(X) 7^ 0, 

• the equality t{L2) = L2 holds, 

• if Li n Sing(X) = 0, then t(Li) = Li and 



t*[tx*[-Kx)) ^7r*{-2Kx) -3E-L1-L2. 

Let L3 be a proper transform of L3 on the surface U. Then t{E) = Z3 and 

Li UL2 ^ 7ror(Q) G L3. 
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Lemma 3.12. The line L3 is the only line on X that passes through the point vr o t{Q). 
Proof. Suppose that there is a line L C X such that L ^ L3 and vr o t{Q) € L. Then 

L n Li = L n L2 = 0, 

because vr o t{Q) € L3 and (Li + L2 + • L = 1. Thus, there is unique conic Z C X such that 
—Kx ^ L + Z and P ^ Z. Then Z is irreducible, because P ^ L and P is not an Eckardt point. 
Let L and Z be the proper transform of L and Z on the surface C/, respectively. Then 



L- L-, = Z ■ E = 1, Z ■ Z = 1- L- Z, L-Z 



2 if LnSing(X) = 0, 
3/2 if LnSing(X) 0, 



l = L- D = eL-Z + miL ■Li + L-T = eL-Z + L-T^£L-Z 



and Li ■ Z = L2 ■ Z = L ■ E = L ■ Li = L ■ L2 = 0. 

We have t(Z) = L. Then Q G Z, which implies that Z C Supp(A), because 

2 — multp(A) — mi — m2 = Z ■ Q > 8/3 — multp(A) — mi — m2 

in the case when Z ^ Supp(A). On the other hand, the log pair 

is log canonical at the point P. Hence, we may assume that L ^ Supp(A) by Remark 12.221 Put 

D = eZ + miLi + m2L2 + T, 
where T is an effective Q-divisor such that Z ^ Supp(T). Then 

J 2e if L n Sing(X) = 0, 
\3e/2 if LnSing(X) / 0, 

which implies that e ^ 2/3. But Z f] Li = 0. Then it follows from Lemma 12.201 that 

2 - multp(D) - eZ ■ Z = Z -f > 8/3 - multp(L>), 

where T is a proper transform of T on the surface U. We deduce that e > 2/3. But e ^ 2/3. □ 

Therefore, there is an unique irreducible conic C C X such that 

—Kx ~ L3 + C 

and vr o t{Q) G C. Then C + L3 is a hyperplane section of X that is singular at vr o t{Q). 
Let C be the proper transform of C on the surface U. Put Z = t{C) and Z = it{Z). 

Lemma 3.13. One has Li n Sing(X) ^ 0. 

Proof. Suppose that Li fl Sing(X) = 0. Then 

cnLi = cnL2 = 0, 

because (Li + L2 + L3) • C = L3 • C = 2. One can easily check that 

Z ~ vr* ( - 2Kx) -AE-Li- L2, 
and Z is singular at P. Then —2Kx ~ Z + Li + L2. But the log pair 

U, i(z + Li + L2 

is log canonical at P. Thus, we may assume that Z ^ Supp(L') by Remark 12. 22[ 
We have Q € Z and Z ■ E = 2. Then it follows from the inequalitv 13.41 that 

4-2multp(L>) = Z ■ D ^ ma\iQ{D) > 8/3 - multp(Z)), 

which implies that multp(L») < 4/3. But multp(L») > 4/3. □ 
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Thus, we see that Li n L3 = Smg(X) 7^ 0. Then LiD L2 £ C, which imphes that 

Z ~ vr* ( - 2Kx) -4E- 2Li - L2, 
and Z is smooth rational cubic curve. Then —2Kx ^ Z + 2Li + L2. But the log pair 

is log canonical at P. Thus, we may assume that Z ^ Supp(D) by Remark 12.221 
We have Q Z and Z ■ E = Li = 1. Then it follows from the inequality 13.41 that 

3 — multp(A) — 2mi — m2 = Z • A ^ multQ(A) > 8/3 — multp(A) — mi — m2, 

which implies that mi < 1/3. But mi > 2/3 by Corollarv l3.6[ 
The obtained contradiction completes the proof Theorem 13.21 

4. Del Pezzo surfaces 

Let X be a del Pezzo surface that has at most canonical singularities, let O be a point of 
the surface X, and let Bx be an effective Q-divisor on the surface X. Suppose that 

• the point O is either smooth or an ordinary double point of X, 

• the surface X is smooth outside the point O G X. 

Lemma 4.1. Suppose that Sing {X) = O, K\ = 2 and the equivalence 

Bx ~Q -fJ-Kx 
holds, where < //< 2/3. Then hCS{X,fiBx) = 0. 

Proof. Suppose that LCS(X, fiBx) 7^ 0- There is a curve = L C X such that 

LCs(x,/uSx) 2 L 

the equality L ■ L = —1 holds, and L n Sing(X) = 0. Thus, there is a birational morphism 
tt: X ^ S that contracts the curve L. Then 

LCS(^5, /U7r(Sx)) 

due to the choice of the curve LcX. But -Ks it{Bx), and S CF^ is a cubic surface that 
has at most one ordinary double point, which is impossible (see Examples 11.111 and ll.lOp . □ 

Lemma 4.2. Suppose that Sing(X) = 0, Kj^ = 5, the equivalence 

Bx ~Q —fJ'Kx 

holds, where fi £ Q is such that < ^ < 2/3. Assume that hCS{X,Bx) ^ 0- Then 

• either the set 'LCS{X, Bx) contains a curve, 

• or there are a curve = L C X and a point P £ L such that L ■ L = —1 and 

LCS(X, Bx) = P. 

Proof. Suppose that I^C§{X, Bx) contains no curves. Then it follows from Theorem 12.71 that 

LCS(X, Bx) =P, 

where P G X is a point. We may assume that P does not lie on any curve F^ = L C X such that 
the equality L ■ L = —1 holds. Then there is a birational morphism 0: X — > F"^ such that (p is 
an isomorphism in a neighborhood of the point P. Note that 

<P{P) eLCs(p2, ^{Bx)) +0. 
the set LCS(P^ 4>{Bx)) contains no curves, and 

Since < 2/3, the latter is impossible by Lemma [231 D 
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Example 4.3. Suppose that O = Sing(X) and K\ = 5. Let a: V ^ X he a. blow up of O, and 
let E be the exceptional divisor of a. Then there is a birational morphism oj: 1/ — such that 

• the morphism lo contracts the curves -Ei, £'2, -E's, -E'4, 

• the curve oj{E) is a line in that contains uj{Ei)^ uj{E2), a;(i?3), but uj{E) ^ u{E4). 
Let Z be a line in such that uj{Ei) e Z B a;(£^4). Then 

2E + Z + 2Ei+E2 + E3^ -Kv, 
where Z CV is a proper transform of Z. One has 



\ct(^X, a{Z + 2a{Ei) + 0(^2) + a(^3)) = ^: 



2' 

which implies lct{X) ^ 1/2. Suppose that —Kx ~q 2Bx, but {X,Bx) is not log canonical. 
Then 

Kv + Bv + mE ~Q a* (^Kx + 
for some m ^ 0, and -By is the proper transform of Bx on the surface V. Then 

(V, Bv + mE^ 

is not log canonical at some point P There is a birational morphism tt: V ^ U such that 

• the surface U is a smooth del Pezzo surface with = 6, 

• the morphism vr is an isomorphism in a neighborhood of P G X, 

which implies that (U,tt{Bv) + rmr{E)) is not log canonical at tt{P). But 

tt{Bv) +m-7r[E) ~q ~\^U-, 
which is impossible, because \ci{U) = 1/2 (see Example II. lOp . We see that lct(X) = 1/2. 
Example 4.4. Suppose that = 4. Arguing as in Example 14.31 we see that the equality 



X 

' 1/2 when O = Sing(X), 
2/3 when Sing(X) = 0, 



lct(X) = 

holds. Take A ^ 1. Suppose that 

Bx ~Q —Kx, 

and (X, XBx) is not log canonical at some point P € X \ O. There is a commutative diagram 

V 





X ---^u 

where U is a cubic surface in P^ that has canonical singularities, the morphism a is a blow up 
of the point P, the morphism (3 is birational, and tj: is a projection from the point P £ X. Then 



Kv + XBv + \^Xmultp{Bx) -IJE^q a* i^Kx + \Bx ^ 
where E is the exceptional divisor of a, and By is the proper transform of Bx- Note that 

{y, XBv + (Amultp(Px) - 1)^) 
is not log canonical at some point Q £ E and multp(Px) > 1/A. Then the log pair 

(y, XBv + (Amultp(Px) - a)s) 
is not log canonical at the point Q £ E as well. But the equivalences 

Bv + {mn\ip{Bx) - l)E ~q -Kv + q*(Kx + Bx) ~q -Kv, 

hold. Suppose that P is not contained in any line on the surface X. Then 

• the morphism (3: V — > C/ is an isomorphism, 

• the cubic surface U is smooth outside of the point Tp{0), 
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• the point il^{0) is at most ordinary double point of the surface U, 
which impUes that A > 2/3 (see Example II. lip . 
Suppose that A = 3/4. Then the point 

V'(Q) eU cF^ 

must be an Eckardt point (see Definition 13. ip of the surface U by Theorem 13.21 But 

f3{E) CU CF^ 

is a line. So, there are two conies Ci ^ C2 contained in X such that P = Ci Ci C2 and 

Ci + C2 ^ —Kx- 

Lemma 4.5. Suppose that O = Sing(X) and K\ = 6 such that there is a diagram 

V 

H 

X P2 

where /3 is a blow up of three points Pi , P2 > -P3 G IP^ lying on a line L C , and a is a birational 
morphism that contracts an irreducible curve L to the point O such that f3{L) = L. Then 

LCS(^X, APjf) = O 
in the case when LCS(X, \Bx) / 0, Ex ~(Q —Kx and A < 1/2. 
Proof. Suppose that Bx ~q —Kx and 

/ LCS(^X, APx) / O, 

let M C be a general line, and let M C F be its proper transform. Then 

-Kx ~ 2a{M) 

and O E a(M). Thus, the set LCS(X, XBx) contains a curve, because otherwise the locus 

LCS(^X, APx + a(M)) 

would be disconnected, which is impossible by Theorem 12.71 

Let C C X be an irreducible curve such that C C LCS{X, XBx)- Then 

Bx = eC + n, 

where e > 2, and is an effective Q-divisor such that C (t Supp(r2). 

Let Fj C X be a proper transform of a general line in P^ that passes through Pj. Then 

O Ti U Fs U Ta 

and -Kx ■ Fi = -Kx ■ F2 = -Kx • F3 = 2. But 

—Kx ~Q Fi + F2 + F3, 

which implies that there is m € {1, 2, 3} such that C ■ F^ 7^ 0. Then 

2 = Bx ■r^= (^ec + nyr^^ eC -r^^ e>2, 

because F^ ^ Supp(Px)- The obtained contradiction completes the proof. □ 

Remark 4.6. Suppose that O = Sing(X) and Kj^ = 6. Let a: V ^ X he a blow up of the point 
O E X, and let E be the exceptional divisor of a. Then 

Kv + Bv + mE ~Q a* {Kx + Bx) 

for some m ^ 0, and By is the proper transform of Bx on V . Note that \ct{X) ^ 1/3. Suppose 
that lct(X) < 1/3, i.e. there exists an effective Q-divisor Bx ~(Q —Kx, such that the log pair 
(X, l/3i?x) is not log canonical. Then the log pair 

(v,^{Bv + mE)) 
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is not log canonical at some point P (zV. There is a birational morphism it : V — > U such that 
U is either Fi or Pi X and vr is an isomorphism in a neighborhood of P G X. Then the log 
pair 

is not log canonical at the point tt{P). But we know that 

-Ku ~Q vr(Bv) +rmr[E), 
so the latter contradicts Example I l.lOi Hence lct(X) = 1/3. 

Lemma 4.7. Suppose that X = P(l, 1, 2) and Bx ~Q) —Kx, but there is a point P G X such 
that 

O^P e LCS(X, ASx) 
for some A < 1/2. Take L G |C'p(i,i,2)(l)l such that P G L. Then L C LCS(X,ASx)- 
Proof. Suppose that there is a curve T G LCS(X, XBx) such that P G F 7^ L. Then 

Px = + 

where /i > 2, and is an effective Q-divisor such that F ^ Supp(r2). Hence 

/iF + 17 ~Q 4L 

and F ~ mL, where m G Z>o. But m ^ 2, because P G F ^ L, which is a contradiction. 
Suppose that L ^ LCS(X, APx)- Then it follows from Theorem [22] that 

LCS(^X,APx) = P, 

because we proved that LCS(X, XBx) contains no curves passing through P G X. 
Let C G |C'p(i,i,2)(l)l be a general curve. Then 

LCS (^X, XBx + = P U C, 
which is impossible by Theorem 12. 7[ □ 
Lemma 4.8. Suppose that X = ¥1. Then there are O^/^gQbA^O such that 

Bx ~Q f^C + XL, 
where C and L are irreducible curves on the surface X such that 

C-C = -l, C-L = l 
and L ■ L = 0. Suppose that fi < 1 and A < 1. Then LCS(X, Bx) = 0. 

Proof. The set LCS(X, Bx) contains no curves, because L and C generate the cone of effective 
divisors of the surface X. Suppose that LC§(X, Bx) contains a point O G X. Then 

Kx + Bx + [{I - f^)C + {2 - X)L^ -{L + C), 
because —Kx ~Q) 2C + 3L. But it follows from Theorem 12.61 that the map 

= H^(^Ox{-L-C)') ^H^(^Oci^^B^))7^0 
is surjective, because the divisor (1 — fi)C + (2 — X)L is ample. □ 
Lemma 4.9. Suppose that Sing(X) = and Kj^ = 7. Then 

Li ■ Li = L2 ■ L2 = ■ = —1, Li ■ L2 = L2 ■ = 1, Li • L3 = 
where Li, L2, L3 are exceptional curves on X. Suppose that LCS(X, Bx) 7^ and 

Bx ~Q —fJ'Kx, 
where /i < 1/2. Then LCS{X,Bx) = L2. 
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Proof. Let P be a point in LCS{X,Bx)- Then P G L2, because lct(P^ x P^) = 1/2, and there 

is a birational morphism X ^ x that contracts only the curve L2. 
Suppose that LCS{X,Bx) + L2. Then LCS(X,Bx) = P by TheoremEZl 
We may assume that P ^ L^. There is a birational morphism X —*F'^ that contracts the 

curves Li and L3. Let Ci and C3 be proper transforms on X of sufficiently general lines in P^ 

that pass through the points (piLi) and (piL^), respectively. Then 

—Kx ~ Ci + 2C3 + L3, 
and Ci ^ P C2. Therefore, we see that 

C2 U P C LCS (^X, XD + ^{Ci + 2C2 + L3^^ CC2UPU L3, 

which is impossible by Theorem 12.71 because P ^ L3. □ 

Lemma 4.10. Suppose that O = Sing(X), the equality = 7 holds, the equivalence 

4 

Bx ~Q C + -L 

holds, where L ^ P^ ^ C are curves on the surface X such that 

L • L = -1/2, C • C = -1, C • L = 1, 
but the log pair {X,Bx) is not log canonical at some point P (z C. Then P ^ L. 
Proof. Let be a quadratic cone in P^. Then S" = P(l, 1, 2) and there is a birational morphism 

(j): X — > SdF^ 

that contracts the curve C to a smooth point Q G S. Then Q € (p{L) € |Cp(i,i,2)(l)l- 

Suppose that P ^ L. Then it follows from Remark 12.221 that to complete the proof we may 
assume that either C ^ Supp(Sx) or L ^ Supp(Px)5 because the log pair 

X, C+^L 

is log canonical in the point P £ X. Suppose that C (t Supp{Bx). Then 

^ = Bx-C^mu\tp{Bx) >1, 

which is impossible. Therefore, we see that C C Supp(Px)- Then L <f_ Supp(Px)- Put 

Bx = eC + n, 

where is an effective Q-divisor such that C ^ Supp(r2). Then 

\=Bx -1 = 6 + ^-1^6, 

which implies that e ^ 1/3. Then 

1< • C = 1/3 + e ^ 2/3 
by Lemma 12.201 which is a contradiction. □ 

5. TORIC VARIETIES 

The purpose of this section is to prove Lemma [5TT] (cf. [30], [55]). 

Let = be a lattice of rank n, and let M = Hom(iV, Z) be the dual lattice. Put 
Mr = M ^ and = N (g)^ M. Let X be a toric variety defined by a complete fan S C N^, 
let 

Ai = {vi, . . . ,Vm} 
be a set of generators of one-dimensional cones of the fan S. Put 



A = \ w e M 



{w,Vij ^ —1 for all i = 1, 



Put T = (C*)" C Aut(X). Let M be the normalizer of T in Aut(X) and W = N/T. 
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Lemma 5.1. Let G C W be a subgroup. Suppose that X is Q-factorial. Then 
lct(X, G' ^ 



where A*-' is the set of the points in A that are fixed by the group G. 

Proof. Put /i = 1 + max{(tt;, v) \ w £ A*^, v G Ai}. Then € Q is the largest number such that 

-Kx ~Q fJ-R + H, 

where R is an integral T xi G-invariant effective divisor, and H is an effective Q-divisor. Hence 

lct(X,G) ^ -. 

Suppose that lct(X, G) < Then there is an effective G-invariant Q-divisor D —Kx 
such that the log pair {X, XD) is not log canonical for some rational A < 

There exists a family {Df \ t E C} of G-invariant effective Q-divisors such that 

• the equivalence Dt ~(q D holds for every t G C, 

• the equality Di = D holds, 

• for every t 7^ there is (pt S Aut(X) such that 

Dt = (l)t{D)^D, 

• the divisor Dq is T-invariant, 

which implies that {X,\Dq) is not log canonical (see |21j). 

On the other hand, the divisor Dq does not have components with multiplicity greater than ^, 
which implies that {X,XDq) is log canonical (see [56])) which is a contradiction. □ 

Corollary 5.2. Let X = Ppn(C'pn © C'pn(-ai) ... 0^r,{-ak)), Oj ^ for i = 1, . . . , /c. Then 

1 



lct(X) 



1 + maxj^;, n + Yl!i=i ^ij 



Proof. Note that X is a toric variety, and Ai consists of the following vectors: 

k n 

(iXXo, oXXo), . . . , (0, . . . , 0, 1, 0, 0, . . . , 0), 

(-1,. .. ,-1,0,0,. ..,0), 
(0,0,... ,0,1,0,... ,0),... ,(0,0,... ,0,0,... ,0,1), 
(-ai, . . . , -Ofc, -1, . . . , -1), 
which implies the required assertion by Lemma |5. 11 □ 
Applying Corollarv 15.21 we obtain the following result. 

Corollary 5.3. In the notation of section[T]one has lct(X) = 1/4, whenever 2{X) € {2.33, 2.35}, 
and lct(X) = 1/5, whenever 2{X) = 2.36. 

On the other hand, straightforward computations using Lemma [5.11 implv the following result. 
Corollary 5.4. In the notation of section [1] one has 

' 1/3 whenever X^) G {3.25,3.31,4.9,4.11,5.2}, 
lct(X) = J 1/4 whenever 2{X) G {3.26,3.30,4.12}, 
_ 1/5 whenever 2{X) = 3.29. 

Remark 5.5. Suppose that the toric variety X is symmetric, i.e., A^ = {0} (see [3D]). Then it 
follows from Lemma l5. II that lct(X, W) = 1. Note that the equality lct(X, W) = 1 is proved in 
[30j and [55j under an additional assumption that X is smooth. 
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6. Del Pezzo threefolds 



We use the assumptions and notation of Theorem 11.461 Suppose that —Kx ~ 2H, where H 
is a Cartier divisor that is indivisible in Pic(X). 

The purpose of this section is to prove the following result. 

Theorem 6.1. The equality lct(X) = 1/2 holds, unless = 2.35 when lct(X) = 1/4. 

It follows from Theorems 3.1.14 and 3.3.1 in [2] that 

XX) G |l. 11, 1.12, 1.13, 1.14, 1.15, 2.32, 2.35, 3.27|, 

and by [5] and [T3] (see also Lemma[2T7]) one has lct(X) = 1/2 if e {1.12, 1.13}. It follows 
from Lemma [129] that lct(X) = 1/2 when ^(X) = 3.27. Lemma O implies that lct(X) = 1/4 
when XX) = 2.35. 

We are left with the cases 

XX) G |l. 11,1. 14,1. 15,2.32|, 
while the inequality \ci[X) ^ 1/2 is obvious, because \H\ is not empty. 
Lemma 6.2. Suppose that XX) = 2.32. Then lct(X) = 1/2. 

Proof. We may suppose that \ct{X) < 1/2. Then there is an effective Q-divisor D ~Q) H 
such that the log pair (X, \D) is not log canonical for some positive rational number A < 1. 

The threefold X is a divisor on p2 X p2 of bi-degree (1, 1). There are two natural P^-bundles 
TTi : X — > and 7r2 : X ^ P^, and applying Theorem 12.271 to vri and 7r2 we immediately obtain 
a contradiction. □ 

Remark 6.3. Suppose that Pic(X) = "^[H], and there is an effective Q-divisor D H such that 
the log pair (X, AD) is not log canonical for some positive rational number A < 1. Put 

D = eS + nr^QH, 

where S is an irreducible surface and ^1 is an effective Q-divisor such that 

Supp(fi) ^ S. 

Then e ^ 1, because Pic(X) = which implies that the set LCS(X, A-D) contains no 

surfaces. Moreover, for any choice of G \H\ the locus 

LCS(^X, XD + H^ 

is connected by Theorem 12.71 Let H he a general surface in \H\. Since LCS(X, AD + H) 
is connected, one obtains that the locus LCS(X, AD + H) has no isolated zero-dimensional 
components outside the base locus of the linear system \H\. Note that \H\ has no base points 
at all, unless 2{X) = 1.11 when Bs[//| consists of a single point O. Note that in the latter case 
O ^ LCS(X, AD), since X is covered by the curves of anticanonical degree 2 passing through O. 
Hence the locus LCS(X, AD) never has isolated zero-dimensional components; in particular, it 
contains an (irreducible) curve C. Put D\h = D. Then 

—Kh ~q D, 

but {H, AD) is not log canonical in every point of the intersection HnC. The locus LCS{H, AD) 
is connected by Theorem 12.71 But the scheme C{H,XD) is zero-dimensional. We see that 

H-C= \HnC\ = 1, 

and the locus LCS(X, AD) contains no curves besides the irreducible curve C. 

Lemma 6.4. Let :i(X) = 1.14. Then lct(X) = 1/2. 

Proof. We may suppose that lct(X) < 1/2. Then there is an effective Q-divisor D ~q) H 
such that the log pair (X, AD) is not log canonical for some positive rational number A < 1. 

The linear system \H\ induces an embedding X C P^ such that X is a complete intersection of 
two quadrics. Then the locus LCS(X, AD) consists of a single line C C X C P^ by Remark 16.31 
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It follows from \T, Proposition 3.4.1] that there is a commutative diagram 



V 





X ---^p3 

where -0 is a projection from C, the morphism a is a blow up of the line C, and /3 is a blow up 
of a smooth curve Z C of degree 5 and genus 2. 

Let S be the exceptional divisor of /3, and let L be a fiber of the morphism /3 over a general 
point of the curve Z. Put S = a{S) and L = a{L). Then S ~ the curve L is a line, and 
multc(5^) = 3. But the log pair (X, 1/25) is log canonical, which implies that we may assume 
that Supp(L') -b Shy Remark dill Then 

l = L-D^ um\tc{D) > 1/A > 1, 

which is a contradiction. □ 

Remark 6.5. Let F C be a complete intersection of two quadric hypersurfaces that has 
isolated singularities, and let By be an effective Q-divisor on V such that By ~q —Ky and 



LCS(^y,^Sv'j ^ 0, 
where < 1/2. Arguing as in the proof of Lemma 16.41 we see that 

LCS(^y,/iSy) C L, 

where L C ^ is a line such that L fl Sing iV) ^ 0. 

Lemma 6.6. Suppose that 2{X) = 1.15. Then lct{X) = 1/2. 

Proof. Analogous to that of Lemma 16.41 □ 
Lemma 6.7. Suppose that XX) = 1.11. Then lct(X) = 1/2. 

Proof. We may suppose that lct(X) < 1/2. Then there is an effective Q-divisor D ~q H 
such that the log pair {X, XD) is not log canonical for some positive rational number A < 1. 
Recall that the threefold X can be given by an equation 

= t^ + t^f2{x,y,z) +tfi{x,y,z) + fQ{x,y,z) C P(l, 1, 1, 2, 3) ^ Proj (c [x, y, z, t, u; 

where wt(x) = wt(y) = wt{z) = 1, wt{t) = 2, wt{w) = 3, and fi is a polynomial of degree i. 
The locus LCS(X, AD) consists of a single curve C C X such that H ■ C = 1 hy Remark [ 
Let Tp: X --■>■ P^ be the natural projection. Then Tp is not defined in a point O that is cut 

out hy X = y = z = 0. The curve C does not contain the point O, because otherwise we get 

1 = T-D^ multo(£')multo(r) ^ multc{D) > 1/A > 1, 

where P is a general fiber of the projection ip. Thus, we see that ip{C) C is a line. 

Let S be the unique surface in \H\ such that C C S. Let L be a sufficiently general fiber of 
the rational map ip that intersects the curve C. Then L C Supp(D), since otherwise 

1 = DL^ multc(-D) > 1/A > 1. 

We may assume that I? = S" by Remark 12.221 Then S has a cuspidal singularity along C. 
We may assume that the surface S is cut out on X by the equation x = 0, and we may assume 
that the curve C is given hy w = t = x = 0. Then S is given by 

w^ = t^ + t^f2 (0, y, z) + t/4 (0, y, z) C P(l, 1, 2, 3) ^ Proj (c [y, z, t, w 

and feix, y, z) = xf^^x, y, z), where /5(x, y, z) is a homogeneous polynomial of degree 5. 
Since the surface S is singular along the curve C, one has 

fi[x,y,z) = xfi{x,y,z), 
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where /3(x, y, z) is a homogeneous polynomial of degree 3. Then every point of the set 

x = f5{x,y,z) = t = u; = OcF(l, 1,1,2,3) 
must be singular on X, which is a contradiction, because X is smooth. 

The assertion of Theorem 16.11 is completely proved. 



□ 



7. Fano threefolds with p = 2 

We use the assumptions and notation introduced in section [TJ 

Lemma 7.1. Suppose that ^(X) = 2.1 or = 2.3. Then lct(X) = 1/2. 

Proof. There is a birational morphism a: X ^ V that contracts a surface E G X to a smooth 
elliptic curve C CV, where V is one of the following Fano threefolds: 

• smooth hypersurface in P(l, 1, 1, 2, 3) of degree 6; 

• smooth hypersurface in P(l, 1, 1, 1, 2) of degree 4. 

The curve C is contained in a surface H C V such that 

Pic(y) = Z[H] 

and —Kx ^ 2i7. Then C is a complete intersection of two surfaces in \H\, and 

-Kx r^2H + E, 

where E is the exceptional divisor of the birational morphism a, and H is a proper transform 
of the surface H on the threefold X. In particular, the inequality lct{X) ^1/2 holds. 

We suppose that lct(X) < 1/2. Then there exists an effective Q-divisor D ~(Q —Kx such 
that the log pair (X, \D) is not log canonical for some positive rational number A < 1/2. Then 

/ lcs(x,xd) C E, 

-Kv. 



since \ct{V) = 1/2 by Theorem O and a{D) ~q 2H 
Put k = H -C. Then k = e {1, 2}. Note that 



c/v 



OciH 



\c 



OciH 



which implies that E = CxF'^. Let Z = C and L 

Z -Z = L-L 
and Z ■ L = 1. Then a*(H)\E ~ kL, and since 



\c 

= be curves on E such that 




-2Z Ke^^ [Kx + E 
we see that E\e ~ —Z + kL. Put 



{2E - 2a* [H 



-2kL + 2E 



D = fiE + n, 

where Q is an effective Q-divisor on X such that E (f_ Supp(O). 

The pair (X, E + Afi) is not log canonical in the neighborhood of E. Hence, the log pair 

E, Af) 



is also not log canonical by Theorem 12. 191 But 



Kx-liE 



2a* {H) -{l + fi)E 
and ^ AA;(1 — fi) ^ 1, which contradicts Lemma 12.231 

Lemma 7.2. Suppose that = 2.4 and X is general. Then lct{X) = 3/4 



l + p)Z + k{l-fi)L, 



□ 
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Proof. There is a commutative diagram 



X 





p3 

where ■0 is a rational map, a is a blow up of a smooth curve C C such that 

C = Hi ■ H2 

for some Hi,H2 G |Op3(3)|, and /3 is a fibration into cubic surfaces. 

Let V he a pencil in |C'p3(3)| generated by Hi and H2. Then ip is given by V. 
We assume that X satisfies the following generality conditions: 

• every surface in V has at most one ordinary double point; 

• the curve C contains no Eckardt point^ (see Definition 13. ip of any surface in V. 

Let E be the exceptional divisor of the birational morphism a. Then 

4 - 1 4 - 1 

-^Hi + -E ~(Q -H2 + -E ~Q —Kx, 

where Hi is a proper transform of Hi on the threefold X. We see that lct(X) ^ 3/4. 

We suppose that lct(X) < 3/4. Then there exists an effective Q-divisor D ~q —Kx such 
that the log pair (X, AD) is not log canonical for some positive rational number A < 3/4. 

Suppose that the set LCS(X, AD) contains a (irreducible) surface S C X. Then 

D = eS + A, 

where e ^ 1/A, and A is an effective Q-divisor such that S (f. Supp(A). Then 

Hi, D . 

is not log canonical by Remark 12.31 if 5 R Hi 7^ 0. But 



D 



We can choose Hi to be a smooth cubic surface in P^. Thus, it follows from Theorem 13.21 that 

5 n ^1 = 0, 

which implies that S ~ Hi. Thus, we see that a{S) is a cubic surface in V. Then 

ea{S) +a(A) ~q Op3(4), 

which is impossible, because e ^ 1/A > 4/3. 

Let F be a fiber of /3 such that F D LCS{X, XD) / 0. Put 

D = fiF + n, 

where il. is an effective Q-divisor such that F (f_ Supp(r2). Then the log pair (F, Ailji;') is not log 
canonical by Theorem 12.191 because A^ < 1. It follows from Theorem 13.21 that 

LCsfF, Afi 



FJ 

where either O is an Eckardt point of the surface F, or O = Sing(F). By Theorem 12.71 

LCS(^X, AF)) =LCS(^X, A^F + AJIf) =0, 

because it follows from Theorem 12.191 that (X, F -|- AfiF) is not log canonical at O and is log 
canonical in a punctured neighborhood of O. But O F by our generality assumptions. Then 



a[0) C LCS(^P^ Aa(F) j C a(0) U C7, 
where a(0) C . But A < 3/4, which contradicts Lemma 12.81 □ 



^ Note that C does not contain singular points of the surfaces in V since C is a complete intersection of two 
surfaces from V ■ 
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Lemma 7.3. Suppose that 2{X) € {2.5,2.10,2.14} and X is general. Then lct{X) = 1/2. 
Proof. There is a commutative diagram 

X 





V ---^pi 

V' 

where 1^ is a smooth Fano threefold such that —Ky ~ 2H for some H G Pic(y) and 

2{V) G {1.13, 1.14, 1.15}, 
the morphism a is a blow up of a smooth curve C <ZV such that 

C = Hi • H2 

for some Hi,H2 G \H\, Hi 7^ H2, the morphism /3 is a del Pezzo fibration, and ■0 is a linear 
projection. 

Let E be the exceptional divisor of the birational morphism a. Then 

2Hi + E 2H2 + E -Kx, 

where Hi is a proper transform of Hi on the threefold X. We see that lct(X) ^ 1/2. 

We suppose that lct(X) < 1/2. Then there exists an effective Q-divisor D ~q —Kx such 
that the log pair (X, \D) is not log canonical for some positive rational number A < 1/2. Then 

/ LCS(^X,AL») C E, 

because a{D) ~(q —Ky and lct(F) = 1/2 by Theorem 16.11 

We assume that the threefold X satisfies the following generality condition: every fiber of the 
del Pezzo fibration /3 has at most one singular point that is an ordinary double point. 

Let F be a fiber of /3 such that F n LCS(X, XD) ^ 0. Put 

D = fiF + n, 

where il. is an effective Q-divisor on X such that F (f_ Supp(r2). Then 

a{p) = fia{F) + a{n) ~q 2a{F) ~q -Ky, 
which implies that ^ 2. Then (F, Ar2|j?) is also not log canonical by Theorem 12. 19[ But 



n 



~Q —Kp, 

F 



which implies that lct(F) ^ A < 1/2. But F has at most one ordinary double point and 

Kl = H^ !^ 5, 

which implies that lct(F) ^ 1/2 (see Examples ll.lOl fLlH 14.31 and 14. 4p . which is a contradiction. 

□ 

Lemma 7.4. Suppose that ^(X) = 2.8 and X is general. Then lct(X) = 1/2. 
Proof. Let O G be a point, and let a: ^ P'^ be a blow up of the point O. Then 

V7 = p(op2 eOp2(i)), 

and there is a P^-bundle tt: ^ P^. Let E be the exceptional divisor of a. Then ii^ is a 
section of tt. 
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There is a quartic surface R C such that Sing(i?) = O, the point O is an isolated double 
point of the surface R, and there is a commutative diagram 




where a; is a double cover branched in R, the morphism 7/ is a double cover branched in the 
proper transform of R, the morphism /3 is a birational morphism that contracts a surface E such 
that r](E) = E to the singular point of V2 and 



u;(sing(V2)) =0, 



the map ^ is a projection from the point O, and is a conic bundle. 

We assume that X satisfies the following mild generality condition: the point O is an ordinary 
double point of the surface R. Then E = F'^xF'^. 

Let H be the proper transform on X of the general plane in that passes through O. Then 

-Kx ^2H + E, 

which implies that lct(X) ^1/2. 

We suppose that lct(X) < 1/2. Then there exists an effective Q-divisor D ~q —Kx such 
that the log pair (X, \D) is not log canonical for some positive rational number A < 1/2. 

It follows from Lemma EH] that LCS{X,D) nE^0. Put 

D = fiE + n, 

where Q is an effective Q-divisor on X such that E (f_ Supp(r2). Then 

2 = L> • r = i^iiE + • r = 2;u + 17 • r ^ 2;u, 

where L is a general fiber of the conic bundle (/>. Hence /i ^ 1. Thus, the log pair 

' E, XQ 



is not log canonical by Theorem 12.191 because LCS(X, D) f] E ^ 0. But 

1 + ^ 



-Ke, 



which is impossible by Lemma 12.231 

Lemma 7.5. Suppose that = 2.11 and X is general. Then lct(X) = 1/2. 
Proof. Let V he a cubic hypersurface in P^. Then there is a commutative diagram 

V 



□ 





X ---^P2 

such that a contracts a surface E C V to a. line L C X, the map ip is a linear projection from 
the line L, the morphism /? is a conic bundle. 

We assume that X satisfies the following generality condition: the normal bundle Ml/v to 
the line L on the variety V is isomorphic to Ol ® Ol. 

Let be a hyperplane section of V such that L C H. Then 

-Kx ^2H + E, 

where ^ C X is the proper transform of the surface H. In particular, lct(X) ^ 1/2. 
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We suppose that lct(X) < 1/2. Then there exists an effective Q-divisor D ~Q) —Kx such 
that the log pair {X, XD) is not log canonical for some positive rational number A < 1/2. Then 

/ LCS(^X,AL») C E, 

since lct{V) = 1/2 and a{D) ~q -Ky. Note that ^ x by the generality condition. 

Let F C E he a fiber of the induced projection E ^ L, let Z C E he a section of this 
projection such that Z ■ Z = 0. Then a*{H)\E ~ F and E\e ~ —Z, because 



-2Z -2F r-. Ke ^ [Kx + E 



2 E-a*(H 



2F + 2E 

Put D = fiE + fi, where is an effective Q-divisor on X such that ^ Supp(r2). Then 

2 = D- r = /i^-r + i^-r^^^-r = 2/i, 

where F is a general fiber of the conic bundle /3. Thus, we see that /i ^ 1. 
The log pair {E, XQ\e) is not log canonical by Theorem 12.191 But 



[l + fi)Z + 2F, 



□ 



-Kx-fiE 

which contradicts Lemma 12.231 because /i ^ 1 and A < 1/2 

Lemma 7.6. Suppose that 2{X) = 2.15 and X is general. Then lct(X) = 1/2. 

Proof. There is a birational morphism a: X — > that contracts a surface C X to a smooth 
curve C C P^ that is complete intersection of an irreducible quadric Q CF^ and a cubic F CF^. 

We assume that X satisfies the following generality condition: the quadric Q is smooth. 

Let Q be a proper transform of Q on the threefold X. Then there is a commutative diagram 

X 





p3^___ Y 

where F is a cubic in P^ that has one ordinary double point P ^ V, the morphism /3 contracts 
the surface Q to the point P, and 7 is a linear projection from the point P. 
Let E he the exceptional divisor of a. Then 

-Kx ^2Q + E 

and I3{E) C ^ is a surface that contains all lines on V that pass through P. We see that 
\ct{X) ^ 1/2. 

We suppose that \ct{X) < 1/2. Then there exists an effective Q-divisor D —Kx such 
that the log pair {X, XD) is not log canonical for some positive rational number A < 1/2. 
It follows from Lemma 12.161 that either 

/ LCS(X, Xd) C Q, 



or the set LCS(X, XD) contains a fiber of the natural projection E ^ C. In both cases 

LCS(^X, XD^ r\Q^0. 

We have Q ^ pi x P^. Put 

D = iiQ + Q, 

where is an effective Q-divisor on X such that Q ^ Supp(r2). Then 

a[D) fiQ + a{n) -K^s, 
which gives ;U ^ 2. The log pair {Q,XQ\q) is not log canonical by Theorem 12.191 But 

1' _ ~(n) — 
Q 

which implies that // > 1 by Lemma 12.231 
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-Kr 



It follows from Remark 12.221 that we may assume that E (f_ Supp(Z)). Then 

where F is a general fiber the natural projection E ^ C. But ^ > 1, which is a contradiction. □ 
Lemma 7.7. Suppose that 2{X) = 2.18. Then lct(X) = 1/2. 

Proof. There is a smooth divisor i? c x of bidegree (2, 2) such that the diagram 

X 




commutes, where vr is a double cover that is branched in B, the morphisms vri and 7T2 are natural 
projections, the morphism (pi is a quadric fibration, and (/)2 is a conic bundle. 

Let Hi be a general fiber of vri, and let H2 be a general surface in |7r2(C'p2(l))|. Then 
B r^2H_i + 2H2. 

Let Hi be a general fiber of (pi, and let H2 be a general surface in |(/)2(Op2(l))|. Then 

-Kx ^Hi + 2H2, 

which implies that lct(X) ^1/2. 

We suppose that lct(X) < 1/2. Then there exists an effective Q-divisor D ~q —Kx such 
that the log pair (X, XD) is not log canonical for some positive rational number A < 1/2. 

Applying Lemma 12.251 to the fibration (pi we see that 

/ LCS(X, Xd) C Q, 



where Q is a singular fiber of (pi. Moreover, applying Theorem 12.271 to the fibration (p2, we see 
that 

/LCS(X, XD^ CQnR, 

where i? C X be an irreducible surface that is swept out by singular fibers of (p2. In particular, 
the set LCS(X, AD) contains no surfaces. 

Suppose that LCS(X, XD) is zero-dimensional. Then 

LCS (^X, XD + ^(^Hi+ 2^2) j = LCS(X, XD) U H2, 

which is impossible by Theorem 12.71 

We see that the set LCS(X, AD) contains a curve T C Q (1 R. Put 

D = ^Q + Q, 

where is an effective Q-divisor such that Q (t Supp(i7). Then 

^Q, xn 



is not log canonical along T by Theorem 12.191 But 



Kx-l^Q 



which implies that F is a ruling of the cone g C P^ by Lemma 1121 Then (p2{T) C P^ is a line, 
and 

<p2{V) C02(i?). 

But (p2{R) C P^ is a curve of degree 4. Thus, we see that 

H^) =</)2(r) uz, 

where Z C P^ is a reduced cubic curve. Then (p2 induces a double cover of 

(P2{T)\((P2{T)f^Z 
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that must be unramified (see [57]). But the quartic curve 02 has at most ordinary double 
points (see [57]). Then 

|<^2(r)nz| = 3, 

which is impossible, because 4'2(^) — IP^. D 
Lemma 7.8. Suppose that 2{X) = 2.19 and X is general. Then lct(X) = 1/2. 
Proof. It follows from [21 Proposition 3.4.1] that there is a commutative diagram 

X 



V 



where V is a complete intersection of two quadric fourfolds in P^, the morphism a is a blow up of 
a line L C V, the morphism /3 is a blow up of a smooth curve C C of degree 5 and genus 2, 
and the map ip is a linear projection from the line L. 

Let E and R be the exceptional divisors of a and /3, respectively. Then 

• the surface (3{E) C is an irreducible quadric, 

• the surface a{R) C F is swept out by lines that intersect the line L. 

We assume that X satisfies the following generality condition: the surface l3{E) is smooth. 
Let H be any hyperplane section of y C P^ such that L C H. Then 

2H + E R + 2E Kx, 

where ^ is a proper transform of H on the threefold X. We see that lct(X) ^ 1/2. 

We suppose that \ci{X) < 1/2. Then there exists an effective Q-divisor D ~Q) —Kx such 
that the log pair (X, XD) is not log canonical for some positive rational number A < 1/2. Then 

/ lcs(x,xd) <ZE^F'^xF\ 



because a{D) ~(q —Ky and lct{V) = 1/2 by Theorem 16.11 

Let be a fiber of the projection E ^ L, and let Z he a section of this projection such that 
Z ■ Z = 0. Then a*{H)\E ~ F and E\e ~ —Z, because 



-2Z -2F ^ Ke ^ [Kx + E 



^ ~ 2(£; - a*{H] 



~ 2E 

E 



- 2F. 

E 



By Remark 12.22^ we may assume that either E Supp(D), ot R Supp(L'), because the log 
pair 

[X,\{R + 2E)^ 
is log canonical and —Kx ~ i? + 2E. Put 

D = ^E + ^, 

where VL is an effective Q-divisor on X such that E ^ Supp(r2). 

Suppose that ^ 1. Then {X,E + XQ) is not log canonical, which implies that 

'e, xn 

is also not log canonical by Theorem 12.191 But 



E 



^ ~Q ( - Kx - fJ-E 



E 



'l + fi)Z + 2F, 



which contradicts Lemma 12.231 because n ^ 1 and A < 1/2. 

Thus, we see that fi > 1. Then we may assume that R ^ Supp(-D). 

Let r be a general fiber of the projection R ^ C. Then T Supp(Z)) and 

1 = -Kx •r = /x£;-r + o- r = /i + o- r^/x, 

which is a contradiction. □ 



Lemma 7.9. Suppose that 1{X) = 2.23 and X is general. Then lct(X) = 1/3. 

43 



Proof. There is a birational morphism a: X Q such that Q C is a smooth quadric three- 
fold, and a contracts a surface E C X to & smooth curve C C Q that is a complete intersection of 
a hyperplane section H C Q and a divisor F € 10^(2)1. 

We assume that X satisfies the following generality condition: the quadric surface H is 
smooth. 

Let ^ be a proper transform of H on the threefold X. Then there is a commutative diagram 

X 





Q^--- V 

where y is a complete intersection of two quadrics in such that V has one ordinary double 
point P £ V, the morphism (3 contracts H to the point P, and 7 is a projection from P. 
Let E be the exceptional divisor of a. Then 

-Kx --3H + 2E 

and (3{E) C V is a surface that contains all lines that pass through P. In particular, lct(X) ^ 
1/3. 

We suppose that lct{X) < 1/3. Then there exists an effective Q-divisor D ~q —Kx such 
that the log pair {X, \D) is not log canonical for some positive rational number A < 1/3. 
It follows from Remark 16.51 that either 



/ LCSi^X, XDj C H, 

or the set LCS(X, AD) contains a fiber of the natural projection E ^ C. In both cases 

LCS(X, ad) r\H^0. 

We have i7 ^ P^ x P^. There is a non-negative rational number /i such that 

D = ^iH + VL, 

where is an effective Q-divisor on X such that H (f_ Supp(r2). Then 



which gives /i ^ 3. The log pair AJ^I/^) is not log canonical by Theorem 12. 191 But 

1 + At 



which implies that /x > 1 by Lemma 12.231 

It follows from Remark 12.221 that we may assume that E (f_ Supp(L'), because the log pair 



^X,A(3F + 2S) 

is log canonical. Let be a general fiber the natural projection E ^ C. Then 

l = D-F = nH-F + n-F = ii + n-F^fi, 
which is a contradiction, because fi > 1. □ 
Lemma 7.10. Suppose that X^) = 2.24 and X is general. Then lct(X) = 1/2. 
Proof. The threefold X is a divisor on P2 X P2 of bidegree (1, 2). Let Hi be a surface in 

vr* (0^2(1) 

where vrj : X — > P^ is a projection of X onto the i-th factor of P^ x P^, i G {1,2}. Then 

-Kx ~ 2Hi + H2, 

which implies that lct(X) ^ 1/2. Note that vri is a conic bundle, and tt2 is a P^-bundle. 
Let A C P^ be the degeneration curve of the conic bundle tti. Then A is a cubic curve. 
We suppose that X satisfies the following generality condition: the curve A is irreducible. 
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Assume that lct{X) < 1/2. Then there exists an effective Q-divisor D ~q —Kx such that 
the log pair (X, \D) is not log canonical for some positive rational number A < 1/2. 
Suppose that the set LC§(X, XD) contains a surface S C X. Then 

D = fiS + Q, 

where is an effective Q-divisor such that S ^ Supp(r2), and n > 1/X. Let Fi be a general fiber 
of TTj, i G {1, 2}. Then 

2 = D ■ Fi = nS ■ Fi + n- Fi^ fiS ■ Fi, 

but either S ■ Fi ^ 1 or S ■ F2 ^ 1. Thus, we see that /U ^ 2, which is a contradiction. 
By Theorem 12.271 and Theorem 12. 7| there is a fiber r2 of the P^-bundle 7r2 such that 

/ LCS(X, AL») = Ta, 

because the set LC§(X, XD) contains no surfaces. 

Applying Theorem 12.271 to the conic bundle vri, we see that 

vri(r2) C A, 

which is impossible, because A C is an irreducible cubic curve and 7ri(r2) C P2 is a line. □ 
Lemma 7.11. Suppose that ^(X) = 2.25. Then lct(X) = 1/2. 

Proof. Recall that X is a blow up a : X — > P^ along a normal elliptic curve C of degree 4. 

Let Q C P^ be a general quadric containing C, and let Q C X be a proper transform of Q. 
Then 

-Kx r^2Q + E, 

where E is the exceptional divisor of a. In particular, lct(X) ^ 1/2. 

We suppose that lct{X) < 1/2. Then there exists an effective Q-divisor D ~q —Kx such 
that the log pair {X, XD) is not log canonical for some positive rational number A < 1/2. 

Note that the linear system \Q\ defines a quadric fibration 

(p: X — > P\ 

such that every fiber of (p is irreducible. Then the log pair (X, XD) is log canonical along every 
nonsingular fiber Q of the fibration (p by Theorem 12.271 since lct{Q) = 1/2 (see Example II. lOh . 

The locus LCS(X, XD) does not contain any fiber of </>, because a{D) 2Q and every fiber 
of (j) is irreducible. Therefore, we see that dim(LCS(X, AD)) ^ 1. 

Let Z be an element in LC§(X, AD). There is a singular fiber Qi of the fibration (p such that 
Z C Qi- Note that (p has 4 singular fibers and each of them is a proper transform of a quadric 
cone in P^ with vertex outside C. 

Let Q2 be a singular fiber of (p such that Qi Q2, let H he a proper transform of a general 
plane in P^ that is tangent to the cone a(Q2) C P^ along one of its rulings L C a{Q2), and let 
-R be a proper transform of a very general plane in P^. Put 

A = XD + ^(^{1 + e)Q2 + {2 - e)H + 3eR^ 
for some positive rational number e < 1 — 2X. Then 

A ~Q -(^X + ^{l + e)^Kx ~Q + 

which implies that —{Kx + A) is ample. 

Let L be a proper transform on X of the line L. Then 

ZuLc LCS(X, A) c Qi U Q2, 

which is impossible by Theorem 12. 7^ because —{Kx + A) is ample. □ 

Lemma 7.12. Suppose that 2{X) = 2.26 and X is general. Then lct(X) = 1/2. 
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Proof. Let V he a smooth Fano threefold such that —Ky ~ 2H and 

Pic(y) =Z[H], 

where H is a Cartier divisor such that H"^ = 5 (i.e. ^(y) = 1.15). Then \H\ induces an 
embedding X c¥^. 

It follows from [21 Proposition 3.4.1] that there is a line L C ^ C such that there is a 
commutative diagram 

X 





V 



Q 



where Q is a smooth quadric hypersurface in P^, the morphism a is a blow up of the line L C V, 
the morphism /3 is a blow up of a twisted cubic curve P^ = C C Q, and tp is a projection from 
the line L. 

Let S be the exceptional divisor of the morphism /?. Put S = a{S). Then S ^ H, and S is 
singular along the line L. Let E be the exceptional divisor of the morphism a. Then 

P{E) ~ C'p4(l) 

which implies that (3{E) is an irreducible quadric surface. 

We suppose that X satisfies the following generality condition: the surface I3{E) is smooth. 
The equivalence —Kx ~ 25* + ZE holds. Moreover, the log pair 

X, ^(2S + ?,E 

is log canonical but not log terminal. Thus, we see that lct(X) ^ 1/3. 

We suppose that lct(X) < 1/3. Then there exists an effective Q-divisor D ~Q) —Kx such 
that the log pair (X, \D) is not log canonical for some positive rational number A < 1/3. Then 

/ LCsfx, XD] C E, 



because a{D) ~q —Ky and lct(y) = 1/2 by Theorem 16. li 

Note that ^ = P^ x P^ by our generality condition. Let F be a fiber of the projection E ^ L, 
and let Z he a section of this projection such that Z ■ Z = 0. Then a*{H)\E ~ F and E\e ~ —Z, 
because 



r^2 E-a* (H) 



2E 



2F. 



-2Z -2F Ke'^ i^Kx + Ej 
By Remark 12.221 we may assume that either E ^ Supp(D), or S <^ Supp(D). Put 

D = fiE + n, 

where is an effective Q-divisor on X such that E (f_ Supp(r2). 

Suppose that [i ^2. Then (X, E + Ail) is not log canonical, which implies that 



E, xn 

is also not log canonical by Theorem 12.191 But 



n 



Kx-fiE 



'l + f,)Z + 2F, 



which contradicts Lemma |2.23| because /u ^ 2 and A < 1/3. 

Thus, we see that fi > 2. Then we may assume that S (f. Supp(D). 

Let r be a general fiber of the projection S ^ C. Then T Supp(Z)) and 

1 = -Kx •r = /xS-r + ii-r = /i + fi-r^/i, 

which is a contradiction. 

Lemma 7.13. Suppose that :i(X) = 2.27. Then lct(X) = 1/2. 
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□ 



Proof. There is a morphism a: X F"^ contracting a surface -E to a twisted cubic curve C C , 
and X = P(£'), where £^ is a stable rank two vector bundle on with ci{£) = and ci{£) = 2 
such that the sequence 

— ^ ( - 1) e Op^ ( - 1) — > e Op^ e Op^ eOp., — >£(S) Op^ (i) — > o 

is exact (see [581 Application 1]). 

Let Q C be a general quadric containing C, and let Q C X be a proper transform of Q. 
Then 

-Kx r^2Q + E, 

where E is the exceptional divisor of a. In particular, we see that lct(X) ^ 1/2. 

We suppose that lct(X) < 1/2. Then there exists an effective Q-divisor D ~(Q —Kx such 
that the log pair (X, XD) is not log canonical for some positive rational number A < 1/2. 

Suppose that the set LCS(X, XD) contains a surface S C X. Put 

D = fiF + n, 

where ^ ^ 1/A and i7 is an effective Q-divisor such that F Supp(r2). 
Let : X ^ p2 be the natural P^-bundle. Then 

2 = L>-r = /iF-r + o- r = //F-r + i7-F^/iF-r, 

where F is a general fiber of 0. Thus, we see that F is swept out by the fibers of ^. Then 

a{F) ~ Opzid) 

and 2. But a{D) ^a{F) + ~Q) C'p3(4), which is a contradiction. 

We wee that the locus LCS(X, AD) contains no surfaces. Applying Theorem 12.271 to {X, XD) 
and (/>, we see that 

L C LCS(^X, ad), 

where L is a fiber of (f). Note that a{L) is a secant line of the curve C C P^. One has 

a(L) C LCS(^P^Aa(D)) Qa(hCS{X, XD)^ U (7, 
which is impossible by Lemma 12.91 □ 
Lemma 7.14. Suppose that ^(X) = 2.28. Then lct(X) = 1/4. 
Proof. There is a blow up q : X — > P^ along a plane cubic curve C C P3. One has 

-Kx ~ 4G + ?,E, 

where E is the exceptional divisor of a and G is a proper transform of the plane in P^ that 
contains the curve C. In particular, we see that the inequality lct(X) ^1/4 holds. 

We suppose that lct(X) < 1/4. Then there exists an effective Q-divisor D ~q —Kx such 
that the log pair (X, XD) is not log canonical for some rational number A < 1/4. One has 

/ LCS(^X, ad) C E, 

since lct(P'^) = 1/4. Computing the intersections with a strict transform of a general line in P^ 
intersecting the curve C, one obtains that LCS(X, AD) does not contain the divisor E. Moreover, 
any curve T G LCS(X, AD) must be a fiber of the natural projection 

i): E — >C 

by Lemma 12.141 Therefore, we see that either the locus LCS(X, AD) consists of a single point, 
or the locus LCS(X, AD) consists of a single fiber of the projection ip by Theorem 12.71 

Let -R be a sufficiently general cone in P^ over the curve C, and let H he a sufficiently general 
plane in P'^ that passes through the point Sing {R). Then 

LCS (^X, XD + ^(r + H^^ = LCS (x, Ad) [j Sing {R) , 
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where R and H are proper transforms of R and H on the threefold X. But the divisor 

Kx + \D + ^(^R + H^^ ~Q {X-l/4)Kx 

is ample, which contradicts Theorem 12.71 □ 
Lemma 7.15. Suppose that 2{X) = 2.29. Then lct(X) = 1/3. 

Proof. There is a birational morphism a: X ^ Q such that Q is a smooth quadric hypersurface, 
and a is a blow up along a smooth conic C C Q. 

Let H he a general hyperplane section of Q C that contains C, and let ^ be a proper 
transform of the surface H on the threefold X. Then 

-Kx r^3H + 2E, 

where E is the exceptional divisor of a. In particular, the inequality lct(X) ^1/3 holds. 

We suppose that \ct{X) < 1/3. Then there exists an effective Q-divisor D ~q —Kx such 
that the log pair (X, \D) is not log canonical for some rational A < 1/3. Then 

/LCS(^X,AL») C E, 

since lct(Q) = 1/3 (see Example II. 3 p and a{D) ~q —Kq. 

The linear system \H\ has no base points and defines a morphism (3: X ^F^, whose general 
fiber is a smooth quadric surface. Then the log pair (X, XD) is log canonical along the smooth 
fibers of f3 by Theorem 12.271 (see Example ll.lOp . 

It follows from Theorem 12 . 71 that there is a singular fiber S ^ H of the morphism /3 such that 

^lcs(x,xd) CEnS, 



and a{S) C is a quadratic cone. Put T = E n S. Then F is an irreducible conic, the log pair 

X, S + ^E 

has log canonical singularities, and 35" + 2E D. Therefore, it follows from Remark 12.221 that 
to complete the proof we may assume that either S <^ Supp(Z)) E Supp(D). 

Intersecting the divisor D with a strict transform of a general ruling of the cone a{S) C P^ 
and with a general fiber of the projection E ^ C, we see that 

r 2 LCS(^X, XD 

which implies that LCS(X, XD) consists of a single point O € L by Theorem 12. 7[ 
Let i? be a general (not passing through O) surface in |a*(-ff)|. Then 

LCS(^X, XD + ^(^H + 2R^^ =RuO, 

which is impossible by Theorem 12.71 since —Kx ^ H + 2R ~q) D and A < 1/3. □ 
Lemma 7.16. Suppose that X^) = 2.30. Then lct(X) = 1/4. 
Proof. There is a commutative diagram 

X 



Q 



where Q is a smooth quadric threefold in P^, the morphism a is a blow up of a smooth conic 
C C P^, the morphism /3 is a blow up of a point, and 7 is a projection from a point. 

Let G be a proper transform on the variety X of the unique plane in P^ that contains the 
conic C. Then the surface G is contracted by the morphism /?, and 

-Kx ~ 4G + 3E, 

where E is the exceptional divisor of the blow up a. Thus, we see that lct(X) ^ 1/4. 
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We suppose that lct(X) < 1/4. Then there exists an effective Q-divisor D ~(Q —Kx such 
that the log pair (X, \D) is not log canonical for some rational A < 1/4. Then 

^ LCs(x,Xd) CEnG, 



because lct(P'^) = 1/4 and lct(Q) = 1/3. 

We may assume that either G ^ Supp(X) or E <^ Supp(X) by Remark 12.221 
Intersecting D with lines in G = and with fibers of the projection — > C, we see that 

LCS(^X,XD^ CEnG 



which implies that there is a point O € E D G such that LCS(X, XD) = O by Theorem 12.71 
Let i? be a general surface in |a*(i?)| and F a general surface in \a*{2H) — E\. Then 



LCs(^X, XD + ^(^F + 2R^^ =RuO, 



which is impossible by Theorem 12.71 since —Kx ~ -F + 2R D and A < 1/4. □ 
Lemma 7.17. Suppose that ^(X) = 2.31. Then lct(X) = 1/3. 

Proof. There is a birational morphism a: X ^ Q such that Q is a smooth quadric hypersurface, 
and a is a blow up of the quadric Q along a line L C Q. 

Let -ff be a sufficiently general hyperplane section of the quadric Q CF^ that passes through 
the line L, and let H he a proper transform of the surface H on the threefold X. Then 

-Kx r^3H + 2E, 

where E is the exceptional divisor of a. In particular, \ct{X) ^ 1/3. 

We suppose that lct(X) < 1/3. Then there exists an effective Q-divisor D ~(Q —Kx such 
that the log pair {X, XD) is not log canonical for some rational A < 1/3. Then 

/ LCS(^X,AL») C E, 

since lct{Q) = 1/3 and a{D) ~Q) —Kq. 

The linear system |^| defines a P-'^-bundle cp: X P^ such that the induced morphism 
E = ¥i ^ F'^ contracts an irreducible curve Z C E. One has 

LCS(^X,AZ)) = Z cE 

by Theorem [2271 Put 

D = fiE + Q, 

where is an effective Q-divisor on X such that E (f_ Supp(r2). Then 

2 = L'-F = /xS-F + J^-F = /i + 0- F^^, 
where i*" is a general fiber of 0. Note that the log pair 



is not log canonical, because A < 1/3. Then {E^X^\e) is not log canonical by Theorem 12.191 
Let C be a fiber of the natural projection E ^ L. Then 



~Q 3C+ (1 + ^)Z, 

E 



which implies that {E, Xil.\E) is log canonical by Lemma l4.8|, which is a contradiction. □ 
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8. Fano threefolds with p = 3 
We use the assumptions and notation introduced in section [TJ 
Lemma 8.1. Suppose that = 3.1 and X is general. Then lct(X) = 3/4. 
Proof. There is a double cover 

u: X — ^ X X 
branched over a divisor of tridegree (2, 2, 2). The projection 

P^ X P^ X P^ — > P^ 

onto the i-th factor induces a morphism vTj : X P^, whose fibers are del Pezzo surfaces of 
degree 4. 

Let Ri be a singular fiber of the fibration vri, let Q be a singular point of the surface and 
let i?2 and R3 be fibers of 7r2 and tt^ such that 

respectively. Then multQ(i?i + i?2 + R3) = 4, which implies that the log pair 

X, - (^Ri + R2 + R3 

is not log terminal at Q. But —Kx ~ i?i + -R2 + -^3- Thus, we see that lct(X) ^ 3/4. 

We suppose that lct(X) < 3/4. Then there exists an effective Q-divisor D ~(q —Kx such that 
the log pair {X, XD) is not log canonical at some point P ^ X for some rational number A < 3/4. 

Let Si be a fiber of vTj such that P G Si. If X is general we may assume (after a possible 
renumeration) that 

• the surface Si is smooth at the point P, 

• the singularities of the surface consist of at most one ordinary double point, 

• for every smooth curve L C Si such that —Kg^ • L = 1, we have P ^ 

• for every smooth curves Ci C S*! D Ci such that 

-Ks^ ■ Ci = -Ks, -02 = 2 

and Ci + C2 ~ -Ksi , we have P / Ci n C2. 
The surface Si is a del Pezzo surface of degree 4. One has 

D = ^xSi + Q, 

where is an effective Q-divisor on X such that Si ^ Supp(r2). 

Let (/): X ^ Pi X pi be a natural conic bundle induced by the linear system 

5'2 + 5*3 , 

and let F be a general fiber of the conic bundle (p. Then 

2 = D-r = fiSi-r + n-T = 2fi + n-r^2fi, 

which implies that /i ^ 1. Then {X, Si + XQ) is not canonical at the point P. Hence 

'^1, xn 



is not log canonical at the point P by Theorem 12.191 But 



~Q D 

Si 



01 



which is impossible (see Example 14.41 and mind the generality assumption). □ 
Lemma 8.2. Suppose that 2{X) = 3.2 and X is general. Then lct(X) = 1/2. 
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Proof. The threefold X is a primitive Fano threefold (see [52\ Definition 1.3]). Put 

u = p(opixpi e Opixpi ( - 1, -1) e Opixpi ( - 1, -1) 



let TT : [/ 



be a natural projection, and let L be a tautological line bundle on U. Then 



X G 



2L + vr* ^Opi xpi (2, 3) 
Let us show that \ct{X) ^ 1/2. Let Ei and E2 be surfaces in X such that 

7r{Ei) c X pi D tt{E2) 



are divisors on 



of bi-degree (1,0) and (0,1), respectively. Then 



-Kx ^ L 



X 



+ 2Ei + E2, 



which implies that lct(X) ^ 1/2. 

We suppose that lct(X) < 1/2. Then there exists an effective Q-divisor D ~q —Kx such that 
the log pair (X, XD) is not log canonical at some point P € X for some rational number A < 1/2. 

It follows from |59l Proposition 3.8] that there is a commutative diagram 




where y is a Fano threefold that has one ordinary double point O € V such that 

Pic(y) =Z[-Kv] 
16, the morphism a contracts a unique surface 

pi X pi ^ 5 C X 



and —Ky 



such that S ~ L\x to the point O the morphism /3j contracts 5 to a smooth rational curve, 
the morphism ji contracts the curve (3i{S) to the point O G F so that the rational map 



72 ^: C/i 



Uo 
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is a flop in Pi{S) = P , the morphism ■02 is a quadric fibration, and the morphisms ipi, (, 
fibrations whose fibers are del Pezzo surfaces of degree 4, 3 and 6, respectively. The morphisms 
TTi and 7r2 are natural projections, and u; = nix- Then 

Cl{V) =Z[a{Ei)] (BZ[a{E2)], 

and u; is a conic bundle. The curve Pi{S) is a section of ipi, and (32{S) is a 2-section of V'2. 

We assume that the threefold X satisfies the following mild generality condition: every sin- 
gular fiber of the del Pezzo fibration (f)2 has at most Ai singularities. 

Applying Lemma 12.251 to the fibration (j)i, we see that 

^ LCsfx, \d] C Si 



where Si is a singular fiber of the del Pezzo fibration (/>!, because the global log canonical 
threshold of a smooth del Pezzo surface of degree 6 is equal to 1 /2 by Example 11.101 

Applying Lemma 12.251 to (j)2 , we obtain a contradiction by Example 11.111 □ 



Lemma 8.3. Suppose that 2{X) = 3.3 and X is general. Then lct{X) = 2/3. 
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Proof. The threefold X is a divisor on 



of tridegree (1,1,2). In particular. 



-Kx r^7Tl[Opl{l)) +7r2*^Opl(l)j +</ 

where tti : X — > P"^ and vri : X ^ are fibrations into del Pezzo surfaces of degree 4 that are 



induced by the projections of the variety 



X. 



XJ 



onto its first and second factor, respectively. 



and (j): X —>■] 
Let 02 ■ X 



is conic bundle that is induced by the projection 



cl 



X 



X 



i"^ be a birational morphism induced by the linear system 

TTsl'Oplfl)) +(/)*fOp2(ll 



let Hi G |7r*(C'pi(l))| and R G |</>*(C'p2(l))| be general surfaces. Then 

Hi ~ H2 + 2R — E2, 

where E2 is the exceptional divisor of the birational morphism 02- Hence 

3 



-Kx ^Hi + H2 + R 



-Hi H — Ho H — Eo, 
2 2 2 



which implies that lct(X) ^ 2/3. 

We suppose that lct(X) < 2/3. Then there exists an effective Q-divisor D ~(q —Kx such that 
the log pair (X, AD) is not log canonical at some point P G X for some rational number A < 2/3. 

Let Si be a fiber of vTj such that P Si. If X is general we may assume (after a possible 
renumeration) that 

• the surface Si is smooth at the point P, 

• the singularities of the surface Si consist of at most one ordinary double point, 

• for every smooth curve L C Si such that —Ks^ ■ L = 1, we have P L if Sing(S'i) ^ 0. 
Put D = fiSi + 0,, where is an effective Q-divisor such that Si (t Supp(r2). Then 



H2, XfiSi 



H2 



H2 



is log canonical because lct(i/2 



2/3. Thus, we see that ^ ^ 1/A. Hence 



Si 



is not log canonical at the point P by Theorem 12.191 But 



Si 



-Ksi, 



which is impossible (see Example 14. 4p . 

Lemma 8.4. Suppose that :i(X) = 3.4. Then lct(X) = 1/2. 
Proof. Let O be a point in P^. Then there is a commutative diagram 

X 



□ 




such that TTj and v are natural projections, w is a double cover branched over a divisor c P^ xP^ 
of bi-degree (2,2), the morphism 71 is a fibration into quadrics, 72 and r/2 are conic bundles, 
the morphism /? is a blow up of the point O, the morphism a is a blow up of a smooth curve that 
is a fiber of 72 over the point O, the morphism r/i is a fibration into del Pezzo surfaces of degree 6, 
and (/> is a fibration into del Pezzo surfaces of degree 4. 

Let H he a general fiber of 771, and let be a general fiber of (j). Then 

-Kx ^ H + 2S + E, 

where E is the exceptional divisor of a. Thus, we see that lct(X) ^ 1/2. 
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We suppose that lct(X) < 1/2. Then there exists an effective Q-divisor D ~Q) —Kx such 
that the log pair {X, XD) is not log canonical for some positive rational number A < 1/2. Then 

/ LCS(^X, XD^ C E, 

because a{D) ~q —Ky and lct(y) = 1/2 by Lemma [7771 

Let r be a fiber of r/2 such that T n LCS(X, XD) / 0. Then 



r C LCS(^X, XDj C E, 
by Theorem 12. 27[ Hence {H, XD\h) is not log canonical at the points H CiT. But 



D 



H 



-Kx 



H 



-Kh 



and \ct{H) = 1/2, because is a del Pezzo surface of degree 6, which is a contradiction. 
Lemma 8.5. Suppose that '}{X) = 3.5 and X is general. Then lct(X) = 1/2. 



□ 



Proof. There is a birational morphism a : X 



C (zrx 

There is 



of bidegree (5, 2). Let tti : 



that contracts a surface -E C X to a curve 
^"^ be natural projections. 



and TT2 '■ 



Q e 



TTo ( Opl ( 2 



such that C C Q. Let i?i be a general fiber of vri, let H2 be a surface in |7r2(C'pi (1))|. We have 

-Kx ~ 2i?i + i?2 + Q, 

where Hi,H2,Q C X are proper transforms of Hi, H2,Q, respectively. In particular, lct(X) ^ 
1/2. 

We suppose that X satisfies the following generality condition: every fiber F of tti o a is 
singular at most at one ordinary double point. 

Assume that lct(X) < 1/2. Then there exists an effective Q-divisor D ~q —Kx such that 
the log pair (X, AD) is not log canonical for some positive rational number A < 1/2. 

Let S be an irreducible surface on the threefold X. Put 

D = fiS + Q, 

where is an effective Q-divisor such that S (t Supp(Jl). Then 



Hi 



is log canonical (see Example II. lOp . Thus, either /i ^ 2, or S is a fiber of vri o a. 
Let r = be a general fiber of the conic bundle 7:2 ° ol. Then 

2 = L>-r = /iS'-r + i7-r^;u5-r, 

which implies that ^ 2 in the case when S is a fiber of vri ° ol. 

We see that the set LCS(X, AD) contains no surfaces. Now, applying Lemma 12.251 to vri o ol, 
we obtain a contradiction with Example 14. 4[ □ 

Lemma 8.6. Suppose that 1{X') = 3.6 and X is general. Then lct(X) = 1/2. 

Proof. Let e : F ^ be a blow up of a line L C P'^. Then 

y ^pfopi eOpi eOpifil 



and there is a natural P^-bundle 77 : 1/ ^ P^ . There is a smooth elliptic curve C C P^ of degree 4 
such that L n C = and there is a commutative diagram 




where 5 is a blow up of C, the morphism /? is a blow up of the proper transform of the line L, 
the morphism 7 is a blow up of the proper transform of the curve C, and (/> is a del Pezzo fibration. 

We suppose that X satisfies the following generality condition: for every fiber F of (j), the sur- 
face F has at most one singular point that is an ordinary double point of the surface F. 

Let E and G be the exceptional surfaces of j3 and 7, respectively, let C be a general 
plane that passes through L, and let Q C a quadric surface that passes through C. Then 

-Kx ^2H + Q + E, 

where H C X D Q are proper transforms of H and Q, respectively. We have lct(X) ^ 1/2. 

We suppose that lct(X) < 1/2. Then there exists an effective Q-divisor D ~q —Kx such 
that the log pair {X, XD) is not log canonical for some positive rational number A < 1/2. 

It follows from Lemma 17.111 that lct(y) = 1/2. Therefore, we see that 

/ LCS(X, Xd) C G. 



Note that every fiber of the fibration (p is a del Pezzo surface of degree 5 that has at most 
one ordinary double point. Thus, applying Lemma 12.251 to (j), we obtain a contradiction with 
Example nil □ 

Lemma 8.7. Suppose that 2{X) = 3.7 and X is general. Then \ct{X) = 1/2. 

Proof. Let be a divisor on P^x P^ of bi-degree (1, 1). Then —Kyy ~ 2H, where H is a Cartier 
divisor on W. There is a commutative diagram 



P^ X 




where (p and tp are natural projections, a is a blow up of a smooth curve G CW such that 

G = HinH2, 

where Hi / H2 are surfaces in \H\, the map p is induced by the pencil generated by Hi and H2, 
the morphism u; is a del Pezzo fibration of degree 6, the morphisms C and ^ are P^-bundles, 
while P and 7 contract surfaces Mi C X D M2 such that (j)o(3{Mi) = ^(C) and 1/^07(^/2) = ((G). 
Note that lct{X) ^ 1/2, because 

-Kx ~ 2Hi + E, 

where Hi C X is the proper transform of Hi, and E is the exceptional surface of a. 

We suppose that X satisfies the following generality condition: all singular fibers of the fibra- 
tion LJ satisfy the hypotheses of Lemma 14.51 

Assume that lct(X) < 1/2. Then there exists an effective Q-divisor D ~q —Kx such that 
the log pair {X,XD) is not log canonical for some positive rational number A < 1/2. Then 



/ LCS(^X, XDj C E, 
because lct(Ty) = 1/2 by Theorem 16.11 Applying Lemma [2.251 we see that 

/ lcs(^a:, xd^ QEr\F, 

where F is a singular fiber of w. Note that F is a del Pezzo surface of degree 6. Put 



D = fiF + n, 
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where is an effective Q-divisor such that F (t Supp(r2). Then 



n 



D 



-Kf, 



and the surface F is smooth along the curve EnF. But the log pair {F, Xi^lp) is not log canonical 
at some point P £ E D F hy Theorem 12.19^ which is impossible by Lemma l4.5i □ 



Remark 8.8. Let us use the notation and assumptions of the proof of Lemma l8.7i Then 

/ LCS(X, A-D) CEnF, 
where F is a singular fiber of the fibration uj. Applying Theorem 12.271 to (p and we see that 

/ Lcs(x, ad) c f n f n Ml n Ma, 

by Lemma 12.281 Regardless to how singular F is, if the threefold X is sufficiently general, then 

F n F n Ml n M2 = 0, 

which implies that an alternative generality condition can be used in Lemma 18.71 
Lemma 8.9. Suppose that 2{X) = 3.8 and X is general. Then lct(X) = 1/2. 
Proof. Let vri : Fi x ^ Fi and vra : Fi x ^ P^ be natural projections. Then 



where a : Fi 



X€ (aoTTi) (^Op2(l)j ®7r^(^Op2(2) 

is a blow up of a point. Let H he a surface in |7r2(C'p2(l))|. Then 
-Kx E + 2L + H, 



where E C X D L are irreducible surfaces such that iTi{E) C Fi is the exceptional curve of a, 
and 7ri(L) C Fi is a fiber of the natural projection Fi — > P-^. We have lct(X) ^ 1/2. 

The projection vri induces a fibration cp: X — >■ P^ into del Pezzo surfaces of degree 5. 

We suppose that X satisfies the following generality condition: for every fiber F of (p, the sur- 
face F has at most one singular point that is an ordinary double point of the surface F. 

Assume that lct(X) < 1/2. Then there exists an effective Q-divisor D ~q —Kx such that 
the log pair {X, XD) is not log canonical for some positive rational number A < 1/2. 

Applying Lemma 12.251 to the morphism (p, we obtain a contradiction with Example 14.31 □ 

Lemma 8.10. Suppose that ^(X) = 3.9. Then lct(X) = 1/3. 

Proof. Let d G Vi ^ V2 9 O2 be singular points of Vi ^ V2 = P(l, 1, 1, 2), respectively, let 



Op 



;i,i,i,2)i 



be a smooth surface, and let Ci C ^i 



be a smooth quartic curve. Then the diagram 
X 




commutes, where tpi is a natural projection, is a blow up of the point Oj with weights (1, 1, 1), 
the morphism 7^ is a P^-bundle, and (3i is a birational morphism that contracts a surface 

pi X Ci ^ Gi C X 

to a smooth curve Ci = Ci C Ui. 
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Let Ei C X he the proper transform of the exceptional divisor of Oj. Then 

5i = aio/3i(^2) C Fi =P(1,1,1,2) ^V2Da2 0p2iEi) 

are surfaces in |Cp(i,i,i,2)(2)| that contain the curves Ci and C2, respectively. On the other 
hand, 

ai o /3i (G2) cVi^ P(l, 1, 1, 2) ^ V2 D a2 o /?2 (Gi) 
are surfaces in |Cp(i,i,i,2)(4)| that contain Oi U Ci and O2 U C2, respectively. 

Let H C X he the proper transform of a general surface in |Op(i,i,i,2)(l)l- Then 

-Kx ~ 3H + E2 + E1, 

which gives lct{X) ^ 1/3. 

Suppose that lct(X) < 1/3. Then there is an effective Q-divisor 

D ~Q -Kx ~Q ^ (Gi + G2) - 5 (Si + ^2) 
such that the log pair {X, XD) is not log canonical for some A < 1/3. Put 

D = i^iiEi + fi2E2 + 5^, 
where Q is an effective Q-divisor on X such that 

El 2 Supp(O) 2 E2. 
Let r be a general fiber of the conic bundle 71 o /J^. Then 

2 = r • L> = r • (niEi + H2E2 + ^) = /ii + /i2 + r • ^ /ii + /i2, 



and without loss of generality we may assume that ni ^ fi2- Then /ii ^ 1. 

Suppose that there is a surface S G LCS(X, AD). Then S ^ Ei and S ^ Gi, because 
02 o /32(Gi) G |Cp{i,i,i,2)(4)| and a2 o fi2{D) G |C'p(i,i,i,2) (5)|. Hence 5 fl E^i / 0. But 

l^. „ 2/i 



and i^i = P^, which is impossible by Theorem [2.191 because A < 1/3 = lct(P^). 

We see that the set LCS(X, AZ?) contains no surfaces. Let P G LCS(X, AZ?) be a point. 
Suppose that P ^ Gi. Let Z he a fiber of 71 such that (3i{P) G Z. Then 



Z C LCS(^C/i, X/3i{D 
by Theorem [1271 Put Ei = /3i{Ei). Then we have 

znEie Lcsf^i, Ao' 



£1/ 

by Theorem 12. 19[ which is impossible by Lemma [2 .SI because ^1 ^ 1. Hence LCS(X, XD) C Gi. 
Suppose that LCS(X, XD) C d n G2. Then 

1 



LCS(X, XD 
by Lemma [2. 141 and Theorem 12.71 One has 



LCS(^X, ad) UH C LCS (^X, XD + ^(^E2 + E2^ C LCs(^X, ad) UHUEiUEi, 

which contradicts Theorem 12.71 because ^ is a general surface in o 7^)*(C'p2(l))| and 

XD + \(e2 + E2) +H r^Q {X-l/3)Kx. 



3 

Thus, we see that Gi D LCS(X, AD) ^ Gi n G2. Then 



0/LCS(C/2, A/32(D)j C/?2(Gi), 
and it follows from Theorems 12.71 and 12.271 that there is a fibre L of the fibration 72 such that 

LCs(c/2, X(32{D)) =L. 



56 



Let S be a general surface in |a^(Op(m,i,2)(2))|. Then I32{D)\b ~q C'p2(5) and B ^ ¥\ But 

LCsfs, \(52{D) 



LDB 

and |L n i?| = 1, which is impossible by Lemma 12.81 because A < 1/3. □ 
Lemma 8.11. Suppose that ^(X) = 3.10. Then lct(X) = 1/2. 

Proof. Let Q C be a smooth quadric hypersurface. Let Ci C Q D C2 he disjoint (irreducible) 
conies. Then there is a commutative diagram 




where the morphism Oi is a blow up along the conic C,, the morphism /3j is a blow up along 
the proper transform of the conic C,, the morphism ijji is a natural fibration into quadric surfaces, 
and (f)i is fibration, whose general fiber is isomorphic to a smooth del Pezzo surfaces of degree 6. 

Let Ei be the exceptional divisor of the morphism and let Hi be a sufficiently general 
hyperplane section of the quadric Q that passes through the conic Q . Then 

-Kx H1 + 2H2 + E2, 

where Hi G X is the proper transform of the surface Hi. We see that lct(X) ^ 1/2. 

We suppose that lct(X) < 1/2. Then there exists an effective Q-divisor D ~(q) —Kx such 
that the log pair (X, XD) is not log canonical for some positive rational number A < 1/2. 

Using Example 11.101 and applying Lemma 12.271 we see that 

0/LCsfx, Xd) C5in52, 



where Si is a singular fiber of 0j. Hence, the set LCS(X, AD) contains no surfaces. 
It follows from Theorem 12.71 that either LCS(X, AD) is a point in Ei U £'2, or 



Lcs(x, ad) n(^X\ (£1 U^s)) / 0, 



which implies that we may assume that LCS(X, AD) is a point in Ei by Lemma 12.101 
Since P2 is an isomorphism on X \ £"2, we see that 

PgLCS^Fi, A/32(D)) cPU/32(£2) 

for some point P £ Ei. Then LCS(yi, X(32{D)) = P by Theorem EZl because P /?2(£2)- 
Let H he a general hyperplane section of the quadric Q. Then 

-Ky, ^Hi + 2H ~Q /32(D), 
where C Yi D Hi are proper transforms of H and Hi, respectively. But 

LCS(^yi, A/32(D) + ^(i7i + 2^)^ =PUi?, 

which is impossible by Theorem 12.71 because A < 1/2. □ 
Lemma 8.12. Suppose that ^(X) = 3.11. Then lct(X) = 1/2. 

Proof. Let O E P'^ be a point, let (5: ^7 — > P"^ be a blow up of the point O, and let E be the 
exceptional divisor of 5. Then 

'c'p2 eOp2(i)' 
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there is a natural P^-bundle rj: V-j P^, and is a section of r\. There is a hnearly normal 
elliptic curve O G C|stt6setP^ such that the diagram 




commutes, where vri and tx^ are natural projections, the morphism 7 contracts a surface 



C X 



Get/ 



to the curve C, the morphism a is a blow up of the fiber of the morphism 7 over the point O G P^, 
the morphism /? is a blow up of the proper transform of C, the morphism u; is a fibration into 
quadric surfaces, the morphism (/> is a fibration into del Pezzo surfaces of degree 7, and v 
contracts a surface 

C X pi ^ F C X 

to an elliptic curve Z C P"*^ x P^ such that — -ftTpixpa ■ Z = 13 and Z = C. 

Let Hi be a general fiber of (/>, and let H2 be a general surface in |(t/ o /?)*(C)p2(l))|. Then 

-Kx ^Hi + 2H2, 

which implies that lct(X) ^1/2. 

We suppose that lct(X) < 1/2. Then there exists an effective Q-divisor D ~(q —Kx such 
that the log pair {X, XD) is not log canonical for some positive rational number A < 1/2. Note 
that 

^ LCS(X, Xd) C E, 



where E is the exceptional divisor of q, because lct(C/) = 1/2 by Lemma 17.111 
Let r = P^ be the general fiber of 112 o v. Then 

2 = -Kx -T = D -T = 2E -T, 

which implies that E LCS(X, AD). Applying Lemma 12.251 to the log pair 

V7, X(i[D) 

we see that LCS(X, XD) C E (IG. Applying Lemma ESS to the log pair 

''^ X p2, Xv{D) 

we see that LCS(X, XD) = EnFnG, where |^ n F n G[ = 1. Hence 

LCS(^X, XD + H^ =LCS(^X, XD^ U H2, 
and H2 n LCS(X, XD) = 0. But the divisor 

'Kx + XD + H2^ = (^X 

is ample, which is impossible by Theorem 12.71 
Lemma 8.13. Suppose that X^) = 3.12. Then lct(X) = 1/2. 

58 



□ 



Proof. Let e: y — > be a blow up of a line L C P^. There is a natural P^-bundle rj: V 
there is a smooth rational cubic curve C CF'^ such that L (1 C = 0, and the diagram 




commutes, where a and /3 are blow ups of the curve C and its proper transform, respectively, 
the morphism 7 is a blow up of the proper transform of the line L, the morphism -0 is a P^-bundle, 
the morphism a; is a birational contraction of a surface C X to a curve such that 

CUL C Q 07(F) C P^ 

and a o j{F) consists of secant lines of C C P'^ that intersect L, the morphism is a fibration 
into del Pezzo surfaces of degree 6, the morphisms tti and tt2 are natural projections. 

Let E and G be exceptional divisors of /3 and 7, respectively, let Q C P^ be a general quadric 
surface that passes through C, let H C he a general plane that passes through L. Then 

-Kx ^Q + 2H + G, 

where Q C X D H are proper transforms of Q C D H, respectively. In particular, 
lct(X) ^ 1/2. 

We suppose that lct(X) < 1/2. Then there exists an effective Q-divisor D —Kx such 
that the log pair {X,XD) is not log canonical for some positive rational number A < 1/2. Note 
that 

/LCS(X, ad) C G, 
since lct(y) = 1/2 by Lemma 17.131 Applying Theorem 12.271 to (j) we see that 

/ Lcs(x, ad) cGns^, 

where S^jj is a singular fiber of the del Pezzo fibration cf) (see Example II. lOp . Then we see that 

/ Lcs(x, xd) cGns^nF, 



by applying Theorem 12.271 to the log pair (P^ x P^, Xuj{D)) and to the P^-bundle 112. 
Let Zi = P^ be a section of the natural projection 

pi X pi ^ G — > L ^ P^ 

such that Z\- Z\ = 0, and let Z2 a fiber of this projection. Then 



G 



and SAg ~ -^i- The curve F n G is irreducible. Thus, we see that 



G^F^Sa 



< +00, 



which implies that the set LCS(X, XD) consists of a single point P G G by Theorem 12.71 

The log pair (V, X(3{D)) is not log canonical. Since (3 is an isomorphism on X \ F, we see that 



/3(P) G LCS(y, A/3(D)] c /3(P) u/3(F), 
which imphes that LCS(y, X(i{D)) = P{P) by Theorem^ Let F C P^ be a general plane. Then 

LCS (v, XP{D) + \{Hi + 3^)) = P{P) U H, 
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where H C V D Hi are proper transforms of H CF^ D Hi, respectively. But 

-Kv^Hi + m ^Qf5{D), 
which contradicts Theorem I2.7[ because A < 1/2. □ 
Lemma 8.14. Suppose that = 3.14. Then lct(X) = 1/2. 

Proof. Let P E be a point, and let a: Vy ^ P'^ be a blow up of the point P. Then there is a 
natural P^-bundle vr: I/7 ^ P^. 

Let C: ^ 1,2) be a blow up of the singular point of P(l, 1,1,2). Then 

z^p(^Op2 ec'p2(2)), 

and there is a natural P^-bundle </>: Z — > P^. 

There is a plane IT C P^ and a smooth cubic curve C C 11 such that P 11 and the diagram 




1,1,1,2) P(l, 1, 1, 2) 

commutes (see |28| Example 3.6]), where we have the following notation: 

• the morphism e is a blow up of the curve C; 

• the threefold C/ is a cubic hypersurface in P(l, 1, 1, 1, 2); 

• the rational map is a projection from the point P; 

• the morphism 7 is a blow up of the point that dominates P; 

• the morphism /3 is a blow up of the proper transform of the curve C; 

• the morphism r] contracts the proper transform of IT to the point Sing(C/), 

• the morphism uj contracts a surface P C X to a curve such that 

Poa{R) C P^ 

is a cone over the curve C whose vertex is the point P; 

• the rational maps tp and i' are natural projections; 

• the rational map f is a linear projection from a point. 

Let E and G be exceptional divisors of 7 and /?, respectively, and let P' C X be a proper 
transform of a general plane in P^ that passes through the point P. Then 

-Kx ~ n + 3P + G, 

where 11 C X is the proper transform of the plane 11. Thus, we see that lct(X) ^ 1/3. 

We suppose that lct(X) < 1/3. Then there exists an effective Q-divisor D ~(q —Kx such 
that the log pair (X, XD) is not log canonical for some positive rational number A < 1/3. 

Let Z C X be a proper transform of a general line in P^ that intersects the curve C. Then 

P)-L = n- Z + 3P-L + G- L = 3P-Z = 3, 

which implies that LCS(X, XD) contains no surfaces except possibly 11 and E. 
Let r be a general fiber of vr o /3. Then 

i:>-r = n- r + 3P'-r + G- r = n- r + G- r = 2, 

which implies that LCS(X, XD) does not contain 11 and E. Thus, by Lemma l2.9t we have 

/ LCS(X, AP)) C PUG. 
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Suppose that LCS(X, XD) C E. Then 

0/LCs(y7, XP{D)) QP{E), 

which contradicts Theorem 12.27^ because P{E) is a section of vr. We see that LCS(X, XD) C G. 
Applying Theorem 12.271 to (Z, Xuj{D)) and (j) ^-nd Theorem 12.71 to {X,XD), we see that 

/ LCS(X, AZ?) C F, 

where F is a fiber of the natural projection G /3(G). Then 

0y^LCs(y, A7(i?)) C7(F), 

where 7(-F) is a fiber of the blow up e over a point in the curve G. 

Let 5 C be a general cone over the curve C, and let O S C be an inflection point such 
that 

e 07(F) / O. 

Let -L C S" be a line that passes through the point O, and let i7 C P^ be a plane that is tangent 
to the cone S along the line L. Since O is an inflection point of the curve C, the equality 

multL(^S-H^ =3 

holds. Let S, H and L be the proper transforms of S, H and L on the threefold Y . Then 
LCS(^y, X-i{D) + '^[s + Hj^ =LCS(^y, A7(D))uL 

due to generality in the choice of S. But —Ky ~ S+H, which is impossible by Theorem 12. 7[ □ 
Lemma 8.15. Suppose that X^) = 3.15. Then lct(X) = 1/2. 

Proof. Let Q C P^ be a smooth quadric hypersurface, let C C Q be a smooth conic, and let 
e: V ^ Q he a blow up of the conic G C Q. Then there is a natural morphism 77: F — > P^ 
induced by the projection Q --^ P^ from the two-dimensional linear subspace in P^ that contains 
the conic G d Q. Then a general fiber of r/ is a smooth quadric surface in P^. 
Take a line L C Q such that LnG = 0; then there is a commutative diagram 




where a and /? are blow ups of the line L C Q and its proper transform, respectively, the mor- 
phism 7 is a blow up of the proper transform of the conic C, the morphism -0 is a P^-bundle, 
the morphism cj is a birational contraction of a surface F C X to a curve such that 

C7UL C Q07(F) C Q, 

and a 07(F) consists of all lines in Q C P^ that intersect L and G, the morphism (p is a fibration 
into del Pezzo surfaces of degree 7, the morphisms tti and 7r2 are natural projections. 

Let El and E2 be exceptional surfaces of (3 and 7, respectively, let Hi, H2 C Q he general 
hyperplane sections that pass through the curves L and G, respectively. We have 

-Kx ^ Hi+ 2H2 + F2 ~ ^2 + 2Hi + El, 

where Hi C X D H2 are proper transforms oi Hi C Q D H2, respectively. In particular, 
lct(X) ^ 1/2. 
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We suppose that lct{X) < 1/2. Then there exists an effective Q-divisor D ~q —Kx such 
that the fog pair {X, \D) is not fog canonical for some positive rational number A < 1/2. 
Let S be an irreducible surface on the threefold X. Put 

D = fiS + n, 

where Q is an effective Q-divisor such that S Supp(Q). Then 

Lcs (h2, ^[f^s + n 



C EinH2 

Hi/ 



by Lemma 14.91 Thus, if ^ ^ 2, then either S" = Si, or S" is a fiber of (j). 
Let r = be a general fiber of the conic bundle ■0 o 7. Then 

2 = D-r = fiS-r + Q-r;?fiS-r, 

which implies that /i ^ 2 in the case when either S = i^i, or S is a fiber of (f). 
Therefore, we see that LCS(X, AD) does not contain surfaces. 
Applying Theorem 12.271 to the log pair (Y, X^{D)) and ip, we see that 

0/ LCS fx, Xd) CE2UL, 



where ¥^ ^ L C X is a curve such that "y{L) is a fiber of the conic bundle V'- 
Suppose that L ^ and L C LCS(X, XD). Then 



a o 7(L) C LCSfQ, Xa o 7(D) j C a o j{L) U C U L, 

which is impossible by Lemma 12.101 Hence by Theorem 12.71 we see that 

• either LCS(X,AL')_C E2,_ 

• or LCS(X, XD) Q L and L C Ei. 

We may assume that L d Ei. Note that Ei = Fi. One has L ■ L = —1 on the surface Ei. 
Applying LemmaE^Sto the log pair (P^ x P^, Xuj{D)), we see that LCS(X, XD) C F, because 

io{D) ~(Q — Kpixpa 

and A < 1/2. Applying Lemma 12.251 to the log pair {V, X(3{D)) and the fibration 77, we see that 

/ LCS fx, Xd\ C Si 



where is a singular fiber of (j), because lct(P^ x P^) = 1/2 (see Example II. lOp . 

We have F f^L = and |-F n fl S2I < +00. Thus, there is point P & E2 such that 



LCS fx, XDj = PeE2 

by TheoremO But f3{Ei) n /3{P) = 0. Thus, it follows from Theorem [22] that 

LCS(V, X(3{D)^ =P{P)- 

Let Hi cVD H2 be the proper transforms of Hi C Q D H2, respectively. Then 

-Kv ^ H2 + 2H1 ^q(3{D), 
but it follows from the generality of Hi and H2 that 

LCs(v, A/3(Z)) + i(^2 + 2Fi)^ =p{P)uHi, 

which is impossible by Theorem 12.71 because A < 1/2. □ 
Lemma 8.16. Suppose that :i(X) = 3.16. Then lct(X) = 1/2. 
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Proof. Let = C C be a twisted cubic curve, let O € C be a point. There is a commutative 
diagram 



Op2 e Op2 (i 




where £ is a stable rank two vector bundle on P^ (see the proof of Lemma I7.13|) , and we have 
the following notation: 

• the morphism (5 is a blow up of the point O; 

• the morphism 7 contracts a surface G C U to the curve C C P^; 

• the morphism a contracts a surface E = ¥1 to the fiber of 7 over the point O € P^; 

• the morphism /? is a blow up of the proper transform of the curve C; 

• the variety is a smooth divisor on P^ x P^ of bi-degree (1, 1); 

• the morphisms vri and 712 are natural projections; 

• the morphisms ui and r] are natural P^-bundles; 

• the morphism v contracts a surface F C X to a. curve 

P^ ^ Z C 

such that io o a{E) = iti{Z) and r] o (3{G) = 712(2). 
Take general surfaces Hi e \{uj o a)*(Op2(l))| and H2 e \{r] o /3)*(C)p2(l))|. Then 

-Kx ^ H1 + 2H2, 

which implies that lct(X) ^ 1/2. 

We suppose that lct{X) < 1/2. Then there exists an effective Q-divisor D ~q —Kx such 
that the log pair (X,XD) is not log canonical for some positive rational number A < 1/2. Note 
that 

/ LCS(X, Xd) CEnF, 



LCSfx, XD] UH. 



because lct(C/) = 1/2 by LemmaEHJand lct(VF) = 1/2 by Theorem[6Tl 
Applying Lemma [2.121 to the log pair {Vj, Xf3{D)), we see that 

LCS[^X,XD] = FnFnG, 

where \E n F nG\ = I. Then 

LCS(X, XD + H2 
where H2 D LCS{X, XD) = 0. But the divisor 

'Kx + XD + F2) ~ 

is ample, which is impossible by Theorem 12.71 
Lemma 8.17. Suppose that ^(X) = 3.17. Then lct(X) = 1/2. 

Proof. The threefold X is a divisor in P^ x P^ x P^ of tri-degree (1, 1, 1). Take general surfaces 



iff. 

2 



□ 



^1 G 



vrnOpi(l 



H2 £ 



where tTj is a natural projection of the threefold X onto the i-th factor of P^ x 



^ Then 



-Kx ^Hi+H2 + 2H3, 
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which imphes that lct(X) ^ 1/2. There is a commutative diagram 




where uji, rji and fj are natm'al projections, C is a P-'^-bundle, and is a birational morphism 
that contracts a surface Ei C X to a smooth curve Cj C x P^ such that a;i(Ci) = u}2{C2) is 
a (irreducible) conic. 

Note that E2 ^ Hi + H3 - H2 and Ei H2 + - Hi. 

We suppose that lct(X) < 1/2. Then there exists an effective Q-divisor D ~q —Kx such 
that the log pair {X, XD) is not log canonical for some positive rational number A < 1/2. 
Suppose that the set LCS(X, AZ?) contains a (irreducible) surface S C X. Put 

D = fiS + n, 

where /i ^ 1/A and is an effective Q-divisor such that S (t Supp(r2). Then 

2 = L>-r = /iS'-r + o- r^^S'-r, 

where F = P^ is a general fiber of Hence S - T = 0, which implies that E2 ^ S ^ Ei. One 
also has 

2 = D- A = /i5'-A + J]-A^/u5-A, 
where A = P^ is a general fiber of the conic bundle 1^2- Hence S" • A = 0, which implies that 



5g 



7r*(Op2(m)) 



for some m G Z>Oi because E2 ^ S ^ Ei and S is an irreducible surface. Then 

= S'-r = m/0, 

which is a contradiction. Thus, we see that the set LCS(X, XD) contains no surfaces. 
Applying Theorem 12.271 to C, and using Theorem 12.71 we see that 

LCsfx, XD 



where F is a fiber of the P^-bundle C,. Applying Theorem l2.27l to the conic bundle vrs, we see that 
every fiber of the conic bundle vrs that intersects F must be reducible. This means that 

7r3(F) (Z uJi{Ci) = UJ2{C2) CP2, 

which is impossible, because ■K-i{F) is a line, and loi{Ci) = i02{C2) is an irreducible conic. □ 

Lemma 8.18. Suppose that 1{X) = 3.18. Then lct(X) = 1/3. 

Proof. Let Q C P^ be a smooth quadric hypersurface, C d Q an irreducible conic, and O G C a 
point. Then there is a commutative diagram 
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where C is a blow up of the point O, the morphisms a and 7 are blow ups of the conic C and its 
proper transform, respectively, /? is a blow up of the fiber of the morphism a over the point O, 
the map ip is a projection from O, the map (f) is induced by the projection from the two-dimen- 
sional linear subspace that contains the conic C, the morphism r is a blow up of the line il^{C), 
the morphism u is a blow up of an irreducible conic Z CF^ such that 



and Z and ipiC) are not contained in one plane, the morphism cr is a blow up of the proper 
transform of the conic Z, the map ^ is a projection from ip{C), the morphism r/ is a P^-bundle, 
and w is a fibration into quadric surfaces. 

Let H he a general fiber of w o /?. Then ^ is a del Pezzo surface such that = 7, and 



where G and E are the exceptional divisors of /? and 7, respectively. In particular, lct{X) ^ 1/3. 

We suppose that lct{X) < 1/3. Then there exists an effective Q-divisor D —Kx such 
that the log pair (X,XD) is not log canonical for some positive rational number A < 1/3. Note 
that 



since lct(y) = 1/3 by Lemma [7. 151 and (3{D) ~q —Ky- 

Applying Lemma 12.251 to the del Pezzo fibration lo o (3 and using Theorem 12. 7^ we see that 
there is a unique singular fiber S of the fibration u) o (3 such that 



by Theorem Em 

We can identify the surface I3{S) with an irreducible quadric cone in P^. Note that Gr\S is an 
exceptional curve on S, so that there is a unique ruling of the cone (3{S) intersecting the curve 
I3{G). Let L C S be a proper transform of this ruling. Then LnG ^ (moreover, \LriGriS\ = 1), 
while LnE = 0. Hence P = L n G by Lemma IHOl We see that LCS(X, XD) = P. One has 



xp{c) nz ^0, 



Kx ^ 3H + 2E + G 





because the equality lct{H) = 1/3 holds (see Example II. lOp . 

Let P € G n S be an arbitrary point of the locus LCS(X, XD). Put 

D = fiS + Q, 

where is an effective Q-divisor such that S ct Supp{0,). Then 





because H is a general fiber of the fibration lo o (3. Therefore, the locus 




must be disconnected, because P ^ H and P ^ E. But 




is an ample divisor, which is impossible by Theorem 12. 7[ 



□ 



The proof of Lemma 18.181 implies the following corollary. 
Corollary 8.19. Suppose that ^(X) = 4.4 or 2{X) = 5.1. Then lct(X) = 1/3. 
Lemma 8.20. Suppose that 2{X) = 3.19. Then lct(X) = 1/3. 
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Proof. Let Q C be a smooth quadric, and let L C be a line such that 

LnQ = PiUP2, 

where Pi and P2 are different points. Let rj: Q P^ be the projection from L. The diagram 



X 




P2^ 

commutes, where is a blow up of the point Pj, the morphism /3j contracts a surface 

p2 ^ c X 

to the point that dominates Pi G Q, the map is a projection from Pj, the map is a projection 
from the image of Pj, the morphism (5j is a contraction of a surface 

F2 ^ C V, 

to a conic Cj C P^, the morphism vTj is a blow up of the image of Pj, the morphism 7^ contracts 
the proper transform of Gj to the proper transform of Cj, and LOi is a natural projection. 
The map 71 o 7^^ is an elementary transformation of a conic bundle (see |57j). and 

^1 0/32(^1) CP3 D (52 0/31(^2) 

are planes that contain the conies C\ and C2, respectively. 

Let -ff be a general hyperplane section of Q such that Pi H 3 P2. Then 

-Kx ~ 3^ + Pi + ^2, 

where H is the proper transform of H on the threefold X. We see that lct(X) ^ 1/3. 

We suppose that lct(X) < 1/3. Then there exists an effective Q-divisor D ~Q) —Kx such 
that the log pair (X, XD) is not log canonical for some A < 1/3. Note that 

/ LCS(^X, AP) C Pi UP2, 

because lct(Q) = 1/3. By Theorem 12. 7^ we may assume that 

/ LCS(X, AP) C Pi. 

Let (^2 C X be a proper transform of G2. Then G2nPi = 0, because a2(G2) C Q is a quadric 
cone whose vertex is the point P2, and the line L is not contained in Q. Hence 

0/LCs(p(Op2eOp2(l)), A72(P)) C72(Pi), 
where 72 (Pi) is a section of uji. Applying Theorem 12.271 to uJi, we obtain a contradiction. □ 
Lemma 8.21. Suppose that X^) = 3.20. Then lct(X) = 1/3. 
Proof. Let Q C P"^ be a smooth quadric threefold, and let 

ly c p2 X p2 

66 



be a smooth divisor of bi-degree (1, 1). Let Li C Q D L2 be lines such that Li D L2 = 0; then 
there exists a commutative diagram 




where the morphisms and Pi are blow ups of the line Lj and its proper transform, respectively, 
the morphism u; is a blow up of a smooth curve C C of bi-degree (1, 1), the morphisms Vi 
and TTj are natural P^-bundles, and the map tpi is a linear projection from the line Li. 
Let H be the exceptional divisor of uj, and let Ei be the exceptional divisor of Then 

-Kx ~ 3^ + 2^1+2^2, 

because 02 ° Pi[H) C Q is a hyperplane section that contains Li and L2. Hence \ci{X) ^ 1/3. 

We suppose that lct(X) < 1/3. Then there exists an effective Q-divisor D '-^q —Kx such 
that the log pair (X, AD) is not log canonical for some positive rational number A < 1/3. Note 
that 

/ LCS(^x, ad) c ^1 n ^2 n 5- = 0, 

because lct(Fi) 
a contradiction. 



lct(V2) = 1/3 by Lemma [Y. 171 and let (14^) = 1/2 by Theorem 16. H which gives 

□ 



Lemma 8.22. Suppose that = 3.21. Then lct(X) = 1/3. 

Proof. Let tti : x ^ pi and 7r2 : P^ x P^ ^ p2 be natural projections. There is a morphism 

a: X — > pi X p2 

that contracts a surface to a curve C such that 7rj|'(C'pi (1)) -0 = 2 and 7r2(C'p2(l)) -0 = 1. 
The curve vr2(C) C P^ is a line. Therefore, there is a unique surface 

H2 G |7r2*(Op2(l) 

such that C C H2. Let Hi be a fiber of the P^-bundle tti. Then 

-Kx ~ 2i?i + 3^2 + 2E, 

where C X is a proper transform of the surface H^. In particular, lct(X) ^ 1/3. 

We suppose that lct(X) < 1/3. Then there exists an effective Q-divisor D —Kx such 
that the log pair (X, \D) is not log canonical for some rational A < 1/3. Note that 

LCS(^X, ad) C E, 
because lct(P^ x P^) = 1/3 by Lemma 12.211 There is a commutative diagram 




where y is a Fano threefold of index 2 with one ordinary double point O G V such that 
40, the birational morphism /3j is a contraction of the surface H2 = P^ x P^ to a smooth 
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rational curve, the morphism 5i contracts the curve (3i{H2) to the pomt O (z V such that the 
rational map 

is a standard flop in f3i{H2) = P^, the morphism loi is a fibration whose general fiber is X P\ 
the morphism 0:2 is a P^-bundle, and 7 is a birational morphism such that ^{S2) = O £ V. 
The variety F is a section of Gr(2, 5) C P^ by a linear subspace of codimension 3. One has 



-Kv ~ 2[j{Hi) +-f{E) 
and the divisor 7(i?i) + "y{E) is very ample. There is a commutative diagram 

X ^ ^ p6 

i« 

V 

pi X p2C _ ^ p5 

such that the embedding ^ is given by the linear system \^(Hi) + ^{E)\, the map ^ is a linear 
projection from the point O, the embedding ry is given by the linear system \Hi + H2\- 

It follows from [60> Theorem 3.6] (see [59^ Theorem 3.13]) that U2 — ^{£), where where £ is 
a stable rank two vector bundle on P^ such that the sequence 

^ ^ ^ (1) — Ow, (1) 

is exact, where X is an ideal sheaf of two general points on P^. Onehasci(£^) = — landci(£') = 2. 
It follows from [60^ Theorem 3.5] that 



Ui c p( Opi e Opi (1) e Opi (i) e Opi (i 



and Ui G |2T - F\, where T is a tautological bundle on P(C'pi Opi (1) Opi (1) Opi (1)), and 
is a fiber of the projection P(Opi Opi(l) C'pi(l) Opi(l)) P^ 
Either Hi is a smooth del Pezzo surface such that = 7, or 

\HiriC\ = 1, 

because Hi -0 = 2. Applying Lemma 12.251 to the morphism uji o Pi and the surface Hi, we see 
that 

• either \Hi n C| = 1, 

• or Hir]LCS{X,XD) = 0, 

because lct(^i) = 1/3 if Hi is smooth. So, there is a fiber L of the projection E ^ C such that 

LCS(X, ad) C L 

by Theorem [121 Put C = n £^ and P = L n (7. Applying Theorem [227] to uj2 and 

V2, Md) 



we see that either LCS(X, AD) = P or LCS(X, \D) = L by Theorem [221 
Suppose that LCS(X, \D) = L. Then 

LCs(y, A7(D)) = 7(L) C y C P^ 

where 7(L) C ^ C P^ is a line, because —Ky ■ ^{L) = 2 and —Ky ~q i{D)- We have 
Sing(y) = O e 7(-^^)- 

Let C y be a general hyperplane section of y C P^ such that 7(L) C S. Then 

• the surface S" is a del Pezzo surface such that K'g = 5, 

• the point O is an ordinary double point of the surface S, 

• the surface S is smooth outside of the point O G 7(i), 

• the equivalence Ks ~ Cp6(l)|5' holds, 
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which imphes that S contains finitely many Unes that intersect the Une ^{L). 

Let -ff C be a general hyperplane section of ^ C P^. Put Q = ^{L) n H. Then 



H 



Q, 



LCSi^H, X-f{D) 

by Remark 12. 3^ which contradicts Lemma 14.2^ because A < 1/3. 

Thus, we see that LCS{X, XD) = P € C. Let Fi be a general fiber of vri. Then 

FinC7 = PiUP2 ^a{P), 

where Pi ^ P2 are two points of the curve C. One has 

Pi UP2 C H2nFu 

because C C H2. Let Z he a general line in Pi = such that Pi € Z. Then there is a surface 

P2 G |7r2*(Op2(l) 

such that Z C P2. Let Pi C X D P2 be the proper transforms of Pi and P2, respectively. Then 

P 0PlUP2- 

Let Z C X he the proper transform of the curve Z. Then —Kx • Z = 2 and 

z c Pi nP2, 

but Z n H2 = 0- Thus, the curve j{Z) is a line onV CF^ such that Sing(y) = ^ j{Z). 
Let T be a general hyperplane section of the threefold 1/ C P^ such that "y{Z) C T. Then 

f ~ 2P2 + Pi + P ~ 2P2 + Pi + P ~ 2P2 + Pi - P, 

where T is the proper transform of the surface T on the threefold X. Hence 

Pi + P2 + P ~ 3P2 + 2Pi - P ~ 2P2 + 2Pi + 2P Kx, 

and applying Theorem 12.71 we see that the locus 



PUZ 



LCS(X, AP + -(Pi+P2 + P 



must be connected. But P ^ Z, which is a contradiction. 
Lemma 8.23. Suppose that 2{X) = 3.22. Then lct{X) = 1/3. 



□ 



Proof. Let vri : 



and 7r2 : P^ 



be natural projections. There is a morphism 



a: X — > pi X p2 

that contracts a surface P to a curve C contained in a fiber Hi of vri such that vr2(C) is a conic. 
We have P = F2. Let P2 be a general surface in |7r2(C'p2(l))|. The equivalence 

-Kx ~ 2Pi + 3P2 + P 

holds, where Pj C X is a proper transform of the surface Hi. Hence lct(X) ^ 1/3. 

We suppose that lct{X) < 1/3. Then there exists an effective Q-divisor D ~q —Kx such 
that the log pair (X, XD) is not log canonical for some rational A < 1/3. Note that 

lcs(x,xd] C P, 



since lct(pi x P^) = 1/3 by Lemma [2211 

Let Q be the unique surface in |7r2(Op2(2))| such that C C Q, and let Q C X be the proper 
transform of the surface Q. Then Q fl Pi = 0, and there is a commutative diagram 



X 



c'p2 (2 



7r2 




(1,1,1,2) 
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such that /? is a contraction of Q to a curve, 7 is a contraction of the surface (3{Hi) to a point, 
the morphism (/> is a natural P^-bundle, and the map ■i/' is a natural projection. One has 

57 0/3 (i?) 
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"-f^P(l, 1,1,2) ~Q 



:i,i,i,2) 



which implies that E % LCS(X, AD), because A < 1/3. 

Applying Theorem 12. 271 to 0, we see that there is a fiber F of the projection E ^ C such that 

/ Lcsfx, \d] c(EnQ)uF, 



including the possibility that LCS(X, AD) C EnQ. 

Suppose that LCS(X, XD) C EnQ. Let M C x be a general surface in \Hi + i?2|, and 
let M C X be the proper transform of the surface M. Then 

MnHi = L, 

where L is a line on Hi^F^. Let R be the unique surface in |7r2(C'p2(l))| such that a{L) C R, 
and let ^ be a proper transform of the surface R on the threefold X. Then 

LCS(^X,Ad) UL C LCS (^X, XD + '^(^M + Hi + R + H2^^ Q LCs(x,Ad) ULU-H'i, 

hut LnEnQ = QnHi = and -Kx ^ M + Hi + R + H2, which contradicts Theorem [221 
Therefore, we see that F C LCS(X, XD). Put F = 7 o (5{F) and D = 7 o I3{D). Then 

F C LCS(P(1,1,1,2), ad) C CuF, 

where (7 = 70 f5{Q) C P(l, 1, 1, 2) is a curve such that iIj{C) = ■K2{C). 
Let 5 be a general surface in |Cp(i,i,i,2)(2)|- Then S = P^ and 



□ 



FnS C LCS(^5, AD 
but 3D 1 5 ~(Q — 5ir5, which is impossible by Lemma 
Lemma 8.24. Suppose that 1{X) = 3.23. Then lct(X) = 1/4. 

Proof. Let O € P'^ be a point, let C C P'^ be a conic such that O e C, let n C P'^ be a unique 
plane such that C C H, and let Q C P'* be a smooth quadric threefold. Then the diagram 

X 




commutes, where we have the following notation: 

• the morphism a is a blow up of the point O with an exceptional divisor E; 

• the morphism vr is a natural P^-bundle; 

• the morphisms (5 and 5 are blow ups of C and its proper transform, respectively; 

• the morphism 7 contracts the proper transform of the plane 11 to a point; 

• the morphism (p contracts the proper transform of the plane H to a curve; 

• the morphism rj contracts the proper transform of F to a curve L <ZY such that 

7(n) G7(L) CQCP^ 

and 7(L) is a line in P^; 

70 



• the morphism w is a natural P^-bundle; 

• the morphism t; is a blow up of the line 7(i); 

• the maps tp, ^ and ( are projections from O, 7(11) and j{L), respectively. 
Note that £^ is a section of vr. 

Let n C X be a proper transform of 11 C P^. Then lct(X) ^1/4, because 

-Kx ~ 4n + 2^ + 3G, 

where E and G are exceptional surfaces of ry and 6, respectively. 

We suppose that lct(X) < 1/4. Then there exists an effective Q-divisor D ~(Q —Kx such 
that the log pair {X,XD) is not log canonical for some positive rational number A < 1/4. Note 
that 

0y^LCs(x, ad) c^nnnG, 

because lct(y7) = 1/4 by Theorem EH lct(y) = 1/4 by Lemma Eli and lct([/) = 1/3 by 
Lemma 17. 171 

Let i? C P'^ be a general cone over C whose vertex is P € P^, let Hi C P'^ be a general plane 
such that O € Hi 3 P, and let H2 C P^ be a general plane such that P € i^2- Then 

it!~ (ao<5)*(i?) -E-G, ifi ~ {a 06)* {Hi) - E, i/2 ~ (ao5)*(iJ2), 

where R, Hi, H2 ai^e proper transforms of R, Hi, H2 on the threefold X, respectively. One has 

-Kx ^Q + Hi + H2, 
but it follows from the generality of R, Hi, H2 that the locus 

LCS (^X, XD + + Hi + H2^^ = LCS (^X, XD^ U P, 

is disconnected, which is impossible by Theorem 12.71 □ 
Lemma 8.25. Suppose that ^(X) = 3.24. Then lct(X) = 1/3. 

Proof. Let is a divisor of bi-degree (1, 1) on p2 X p2. There is a commutative diagram 

X 




where uji is a natural P^-bundle, the morphism a contracts a smooth surface 

E = F^xF'^ 

to a fiber L of cJi, 7 is a blow up of the point li;i(L), the morphism ^ is a P^-bundle, and C is a 
Fi-bundle. 

Let u;2 : X ^ P^ be a natural P^-bundle that is different from ui. Then there is a surface 



G G 



a;*(Op2(l 



such that L C G, because uj2{L) is a line. Let G C X be a proper transform of G. Then 

-Kx ^2F + 2G + 3E, 

where E is the exceptional divisor of a, and F is a fiber of C. We see that lct(X) ^ 1/3. 

We suppose that lct(X) < 1/3. Then there exists an effective Q-divisor D —Kx such 
that the log pair (X,XD) is not log canonical for some positive rational number A < 1/3. Note 
that 

/ LCS(X,AL») C E, 
since let (TV) = 1/2 by Theorem EH We may assume that F n LCS(X, XD) 7^ 0. Then 

F C LCS (x, Xd) GE^F^xF^ 



'1 



by Lemma l2.25^ because lct(-F) = 1/3 (see Example I l.lOp . which is a contradiction. □ 
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9. FANO THREEFOLDS with /O ^ 4 
We use the assumptions and notation introduced in section [TJ 
Lemma 9.1. Suppose that 2{X) = 4.1. Then lct(X) = 1/2. 

Proof. The threefold X is a divisor on x x x P^ of multidegree (1, 1, 1, 1). Let 

(xi:yi), {x2:y2), {xs-Vs), {x^ : y^) 
iF^ x¥^. Then X is given by the equation 

F{xi,yi,X2,y2,X3,y3,X4,yi) =0, 

where F is a of multidegree (1, 1, 1, 1). 

be a projection given by 



be coordinates on 



ti X pi 



Let TTl : X 
{xi : yi), 



ll X Tfl 



[X2 : 2/2), [X3:y3 , [X4 : 2/4 



{x2 ■ ^2) , (2:3 : ys) , {x4 : 2/4) 



and let 7r2, ir^ and 7r4 : X ^ P^ x P^ x P^ be projections defined in a similar way. Put 

F = xiG{x2,y2,X3,y3,X4,y4) + yiH[x2, ?/2, 3^3, 2/3, 2:4, 2/4) , 
where G(x2, 2/2, 2:3, ys, X4, ^4) and ^^^(x2, 2/2, 2^3, 2/3, 2:4, 2/4) ^-^'s multi-linear forms that do not de- 



pend on xi and yi. Then vri is a blow up of a curve Ci C 



given by the equations 



G{x2,y2,X3,y3,Xi, 2/4) = H{X2, 2/2, X3, 2/3, 2:4, 2/4) = 0, 

which define a surface i^i C pi X pi X pi X pi that is contracted by tti. The equations 

xi = i^(x2, 2/2, 2:3,2/3, 2:4, 2/4) = 

define a divisor i^i C X such that —Kx ~ 2//i -|- Ei, which implies that lct(X) ^ 1/2. 

We suppose that lct(X) < 1/2. Then there exists an effective Q-divisor D ~q —Kx such 
that the log pair {X, XD) is not log canonical for some positive rational number A < 1/2. 

Let E2, E3, £'4 be surfaces in X defined in a way similar to Ei. Then 



/ LCS(^x, XDj c Fi n ^2 n £3 n e^, 

because lct(pi x P^ x P^) = 1/2 by Lemma [MD But Fj C P^ x P^ x P^ x P^ is given by 

dF{xi,yi,X2,y2,X3,y3,X4,y4) _ dF{xi,yi,X2,y2, 2^3, 2/3, Xj, yj) _ ^ 
dxi dy-i 
which implies that the intersection Ei E2 D E3 f] E^ is given by the equations 
dF _ dF _ dF _ dF _ dF _ dF _ dF _ dF _ ^ 
dxi dyi dx2 dy2 8x3 dy3 dx^ dy^ 
Hence n £^2 n £^3 n £^4 = Sing(X) = 0, and LCS(X, \D) =0. □ 

Lemma 9.2. Suppose that = 4.2. Then lct(X) = 1/2. 

Proof. Let Qi C P'* D Q2 be quadric cones, whose vertices are Oi G P^ 9 O2, respectively. Let 

Oi 5i c Qi c P^ 

be a hyperplane section of Qi, and let Ci C | —Ks^ \ be a smooth elliptic curve. Then the diagram 

X 




commutes, where vri 7^ tt2 are natural projections, the map Tpi is a projection from Oi £ Qi C P^, 
the morphism Qj is a blow up of the vertex Oj , the morphism /3j contracts a surface 

pi X Ci ^ Gi C X 

to a curve Ci = Ci C Ui, the morphism r/j is an Fi-bundle, 7^ is a P^-bundle, and Ci is a fibration 
into del Pezzo surfaces of degree 6 that has 4 singular fibers. 

Let Ei C X he the proper transform of the exceptional divisor of Oj. Then 

Si = ai 0/31(^2) CQiCF^ D Q2D 02 0/32(^1) 

are hyperplane sections that contain Ci and C2, respectively. It is also easy to see that 

aio/3i{G2) cQiCP^DQ2 3a2o/32(Gi) 

are the cones in P^ over the curves Ci and C2, respectively. 

Let H (Z X he the proper transform of a hyperplane section of Qi C P^ that contains Oi. Then 

-Kx ~ 2H + E2 + E1, 

which gives lct(X) ^ 1/2. Suppose that lct(X) < 1/2. Then there is an effective Q-divisor 

D ~Q —Kx '-^ El + E2 + Gi + G2 

such that the log pair {X, XD) is not log canonical for some A < 1/2. Put 

D = fliEi + ^2£^2 + ^, 

where ^ is an effective Q-divisor on X such that 

El <Z Supp(J]) 2 E2. 
Let r be a general fiber of the conic bundle 71 o Then 

2 = r • D = r • (i^iEi + H2E2 + 0) = ^1 + ^2 + r • J] ^ ^1 + /i2, 



and without loss of generality we may assume that /ii ^ ^2- Then /ii ^ 1. 

Suppose that there is a surface S £ LCS(X, XD). Then S ^ Ei. Moreover, we have S ^ Gi, 
because 02 o (32{Gi) is a quadric surface and A < 1/2. Hence S n i^i 7^ 0. But 



El ~(Q D 



El 

and i^x — P^ ^ P^i which is impossible by Theorem 12 . 1 9 1 and Lemma 12.231 

We see that the set LCS(X, XD) contains no surfaces. Let P S LCS(X, XD) be a point. 
Suppose that P ^ Gi. Let Z he a fiber of 71 such that (3i{P) £ Z. Then 

ZCLCs(?7i, X/3i{D 

by Theorem Put Ei = Pi{Ei). Then we have 

znEi£ Lcsfe, xn 



Ei^ 

by Theorem 12.191 which is impossible by Lemma 12.231 because ^1 ^ 1. 

Thus, we see that P G Gi. Let Fi C X D F2 he fibers of Ci and C2 passing through the point 
P. Then either Fi or F2 is smooth, because ai{P) G Ci. But 

lct(F,) = 1/2 

in the case when Fi is smooth (see Example ll.lOp . which contradicts Lemma 12.251 □ 

Lemma 9.3. Suppose that ^(X) = 4.3. Then lct(X) = 1/2. 

Proof. Let Fi = F2 = F3 = P^ x P^ be fibers of three different projections 

P^ X P^ X P^ — > P\ 

respectively. There is a contraction a: X ^ pi X pi X pi of a surface F C X to a curve 

C C P^ X pi X P^ 
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such that C ■ Fi = C ■ F2 = 1 and C ■ F3 = 2. There is a smooth surface 

pi X ^ G G |Fi +F2I 
such that C C G. In particular, we see that 

-Kx ~ 2G + F + F3, 

where F^ and G are proper transforms of -F3 and G, respectively. Hence lct(X) ^ 1/2. 

We suppose that lct{X) < 1/2. Then there exists an effective Q-divisor D ~q —Kx such 
that the log pair (X, XD) is not log canonical for some positive rational number A < 1/2. Note 
that 

/LCS(X,AL») C E, 

because lct(pi x P^ x P^) = 1/2 and a{D) ~q -Kpixpixpi- 

There is a smooth surface H € |3-Fi +-F3I such that C = GnH. Let ^ be a proper transform 
of the surface H on the threefold X. Then H D G = and there is a commutative diagram 

U-^ X 



si X pi ^ pi X pi X pi ^ ^ pi X 



such that /3 and 7 are contractions of the surfaces G and H to smooth curves, the morphisms 
TT and (p 3'i'6 P^-bundles, the morphisms C and are projections that are given by the linear 
systems |Fi + -F2I and [Fi + F3I, respectively. 
It follows from H CiG = that 

• either the log pair {V,XP{D)) is not log canonical, 

• or the log pair {U, X'y{D)) is not log canonical. 

Applying Theorem 12.271 to the log pairs {V, Xj3{D)) or ([/, X"f{D)) (and the fibrations tt or ^, 
respectively) and using Theorem 12. 7^ we see that 

LCS(^X, XD 

where F is a fiber of the natural projection E ^ C . 

We may assume that Q(r) € -F3. Let -F3 C X be the proper transform of the surface F3. Put 

D = 11F3 + 

where is an effective Q-divisor on X such that -F3 ^z! Supp(r2). Then 

^F3 + a{n) ~Q 2(Fi + F2 + F3) , 

which gives fi ^ 2. Hence the log pair (F3,A0|^^) is not log canonical along F C F3 by 
Theorem [Uni But 



n 



-Kp,, 



and i<3 is a del Pezzo surface such that Kp^ = 6 and 

• either F3 is smooth and |C H F3I =2; 

• or F3 has one ordinary double point and |C H i<3| = 1. 

We have lct(F3) ^ A. Then F3 is singular by Example 11.101 It follows from Lemma 14.51 that 



LCS(^F3, A0|^3j =Sing(F3), 

but the log pair (FsjArij^^) is not log canonical along the whole curve F C -F3, which is a 
contradiction. □ 

Lemma 9.4. Suppose that XX) = 4.5. Then lct(X) = 3/7. 
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Proof. Let Q C be a quadric cone, let y C be a a section of Gr(2,5) C P^ by a linear 
subspace of dimension 6 such that V has one ordinary double point. Then the diagram 




commutes (cf. [611 Lemma 2.6]), where we have the following notation: 

• the morphisms vrj, Vi, and x si's natural projections; 

• the morphism a contracts a surface F3 = ii^ C ?7 to a curve C such that 



VTi 



VTn 



1) -^ = 1; 



• the morphism P contracts a surface 



H2 C U to the singular point of V; 



• the morphism /3j contracts the surface H2 to a smooth rational curve; 

• the morphism 5i contracts the curve Pi{H2) to the singular point of V so that the map 

62 o 5f 1 : Ui U2 
is a standard flop in the curve Pi{H2) = P^; 



the morphism uji is a fibration whose general fiber is 



• the morphisms 0^2, 7^2, c, r are P-^-bundles; 

• the morphism ^ is a blow up of a point O € P^ such that O -7r2(C); 

• the map ^ is a linear projection from the point O G P^; 

• the morphism u contracts a surface G = P"*^ x P^ to a curve L such that it2{L) 

• the morphism 7 contracts a surface G to a curve L such that 

a(L) = L C P^ X p2 

and the curve (3{L) is a hue in C P^ such that /3(Z) n Sing(l/) = 0; 

• the morphism r] contracts a surface to a curve such that v o r](E) = C C P^ x P^; 

• the morphism 6 contracts a surface ^ C X to a curve such that E and 

Tod{R) =ao r][E) C P^ x P^; 

• the morphism ^ is a fibration into del Pezzo surfaces of degree 6; 

• the morphism i contracts the surface 6{H2) to the singular point of the quadric Q; 

• the map (/> is a linear projection from the line f3{L) C C P^. 

The curve 7r2(C) C P^ is a line. Then a{H2) G |7r*(Op2(l))| and C C 0(^2). 

The morphism tti induces a double cover C — > P^ branched in two points Qi £ C 3 Q2- Let 



T,; G 



vr 



be the unique surface such that Qi ^Ti. Let Ti <ZU he the proper transform of Tj. Then 
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• the surface Tj has one ordinary double point, 

• the surface Tj is tangent to the surface E along the curve E CiTi, 

• the surface Tj is a del Pezzo surface such that = 7. 

Let Zi C P2 be the unique line such that O G Z 9 7r2 o a{Qi). Then there is a unique surface 

Ri G (7r2 o ay{o^2[l 

such that Zi C o ct{Ri). One has L C Ri and 

-Ku ~ 2H2 + Ri + 2fi + E. 
Let Fj be a fiber of the projection E ^ C over the point Qj. Then Ti = E OTi and 

Li C LCS (^U, ^ (2H2 + R^ + 2fi + E 

Let Ri and Tj be the proper transforms of Ri and Tj on the threefold X, respectively. Then 

-iCx ~ 2H2 + k + 2fi + E, 
because L C Ri. Let Ti C X he the proper transform of the curve Lj. Then the log pair 

X, ^(262 + Ri + 2fi + E 

is log canonical but not log terminal. Thus, we see that lct(X) ^3/7. 

We suppose that lct(X) < 3/7. Then there exists an effective Q-divisor D ~q —Kx such 
that the log pair (X, \D) is not log canonical for some rational A < 3/7. 

The surfaces Ti and T2 are the only singular fibers of the fibration /j,: X ^F^. Then 



Ti 2 LCS(^X, XDj C Ti U Ts, 

by Lemma l2.25( because D ■ Z = Ti = 2, where Z is a general fiber of 7r2 o a o 7. 
We may assume that LCS{X, XD) C Ti by Theorem 12. 7[ 
Applying Theorem 12.271 to the log pair (P^ x Fi, \r]{D)), we see that 

0/LCs(x, XD^ ^fiHG, 

because G = r]{G) is a section of the P^-bundle a. 

Applying Theorem 12.271 to the log pair (P^ x P^, Xa o 7(D)), we see that 

/ LCS(X, Xd) C Ti n ^ = f 1 



by Theorem 12.71 because G Ci E = and Ti is a section of 7r2- 

Applying Theorem 12.271 to the log pairs {Y, X9{D)) and {U2, XP2 ° (and the fibrations 

T and u)2) we see that 

0/ LCS fx, xd] =fi. 



because RnH2 = 0. Put D = j{D). Then LCS{U, XD) = Fi. Put 

D = eH2 + n, 

where Q is an effective Q-divisor such that H2 2 Supp(O). Then 

+ 



n 



~o — ■■ -Kff^, 



^ 2 

and the log pair {H2, XVt\ij^) is not log canonical by Theorem 12.191 The latter implies that 

3 1 + e + e ^ ,^ 

7-^>'^>^/' 
by Lemma |2.23| and hence e > 4/3. 

We may assume that either E ^ Supp(^) or Ti % Supp(l)) by Remark 12.221 
Suppose that E ^ Supp(Z)). Let Z he a general fiber of the projection E C. Then 

1 = -Ku ■ Z = D ■ Z = e + n- Z ^ e, 
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which is a contradiction, because e > 4/3. Thus, we see that Ti ^ Supp(L>). 

Let A C Ti be a proper transform of a general hne in Ti = that passes through Qi. Then 

2 = -Ku ■A = D-A^ multri (D) ^ 1/A > 7/3, 

because A ^ Supp(Z)) and A n Fi 7^ 0. The obtained contradiction completes the proof. □ 

Lemma 9.5. Suppose that ^(X) = 4.6. Then lct(X) = 1/2. 

Proof. There is a birational morphism a: X —fF^ that blows up three disjoint lines Li, L2, L3. 
Let -ffj be the proper transform on X of a general plane in such that Lj C a{Hi). Then 

-Kx ~ 2Hi +Ei+H2 + H^^ 2H2 + E2 + Hi + H^^ 2H^ + E3 + + H2, 

where Ei is the exceptional divisor of a such that a{Ei) = L^. In particular, we see that 
lct{X) ^ 1/2. 

We suppose that lct(X) < 1/2. Then there exists an effective Q-divisor D ~q —Kx such 
that the log pair {X, XD) is not log canonical for some positive rational number A < 1/2. 

The surface Hi is a smooth del Pezzo surface such that K'jj_ = 7, the linear system \Hi\ has 
no base points and induces a smooth morphism (pi: X ^F^, whose fibers are isomorphic to Hi. 

Suppose that |LCS(X, AL*)! < +00. We may assume that LCS(X, AD) ^ Ei. Then the set 

LCS (^X, XD + H1 + ^Ei 

is disconnected, which is impossible by Theorem 12.71 because + -f^s + (A — l/2)i^x is ample. 
We may assume that Hi n LCS(X, XD) / 0. Then 

:s(H^. XD 



/ i^i n LCS(^X, XDj C LCSi^Hi, XD 
by Remark [231 Put C2 = ^2^1 and C3 = ^sl^i- Then 



C2 • C2 — C3 • C3 — — 1, 

and there is a unique curve F^ = C C Hi such that C • C2 = C • C3 = 1 and C ■ C = —1. Note 
that 



Hi 



LCS(^ii"i, XD 

by Lemma 14.91 

There is a unique smooth quadric Q CF^^ that contains Li, L2, L3. Note that 

QnHi = C, 

where Q C X is a proper transform of the surface Q. 

There is a morphism a : X ^ F^ x F^ x F^ contracting Q to a curve of tri-degree (1, 1, 1). 
Since Q H Hi = C , one obtains (see Remark 1 2. 3 p that 

LCS(X, AL») D Q, 

and hence LCS{X,XD) = Q, because lct(pi x pi x P^) = 1/2. Put 

D = fiQ + n, 

where /x ^ 1/A > 2, and ft is an effective Q-divisor such that Q ^ Supp(r2). Then 

a{D) =nQ + a{n), 

which is impossible, because a{D) 2Q ~ —K^s and /i > 2. □ 
Lemma 9.6. Suppose that 2{X) = 4.7. Then lct(X) = 1/2. 

Proof. There is a birational morphism a: X ^ W such that 

• the variety is a smooth divisor of bi-degree (1, 1) on P^ x P^; 

• the morphism a contracts two (irreducible) surfaces Ei ^ E2 to two disjoint curves Li 
and L2; 

• the curves Lj are fibers of one natural P-'^-bundle W ^ F'^. 

77 



There is a surface H CW such that —Kx ~ 2ff and Li d H Z) L2. Then 

-Kx ~ 2H + E1+E2, 

where ^ is a proper transform of H on the threefold X. In particular, lct(X) ^ 1/2. 

We suppose that lct(X) < 1/2. Then there exists an effective Q-divisor D ~(q —Kx such 
that the log pair (X, \D) is not log canonical for some A < 1/2. Then 

^ LCs(x,Xd) C E1UE2, 

^ y be a contraction of E2- Then 
hC§{Y, \(3{D)j / 
and f3{D) ~q —Ky, which contradicts Lemma l8. 251 
Lemma 9.7. Suppose that 2{X) = 4.8. Then lct(X) = 1/3. 
Proof. There is blow up a : X 



since lct(l^) = 1/2 by Theorem O and a{D) ~q -Kw 
We may assume that LCS{X, XD) nEi ^ 0. Let (3: X 



X X of a curve C C 
C • F2 = C • F3 = 1, 
where Fi is a fiber of the projection of 

TD)1 ■ 



□ 



such that C C Fi and 



X F 

d1 



1 



^ to its i-th factor. There is a surface 
G€ IF2+F3I 

such that C C G. Let E be the exceptional divisor of a. Then 

-Kx ~ 2Fi + 2G + 3E, 

where -Fi and G are proper transforms of Fi and G, respectively. In particular, lct(X) ^ 1/3. 

We suppose that lct{X) < 1/3. Then there exists an effective Q-divisor D ~q —Kx such 
that the log pair (X,XD) is not log canonical for some positive rational number A < 1/3. Note 
that 

^lcs(x,xd) C E, 



because lct(P^ x x P^) = 1/2 and a{D) 



-Kv 



Let Q be a quadric cone in P'^. Then there is a commutative diagram 

X 



X X 




where we have the following notations: 

• V is a variety with 2(y) = 3.31; 

• the morphism /3 is a contraction of the surface G to a curve; 

• the morphism 7 is a contraction of Fi = P^ x P^ to an ordinary double point; 

• the morphism (5 is a blow up of the vertex of the quadric cone Q Cf^; 

• the morphism is a blow up of a smooth conic in Q; 

• the map ip is a projection from the vertex of the cone Q; 

• the morphism is a projection that is given by IF2-I-F3I, i. e. the projection of P 
onto the product of the last two factors; 

• the morphism vr is a natural P^-bundle. 

It follows from Corollary [53] that lct(y) = 1/3. On the other hand, lct(C/) = 
Lemma 12.261 Hence 

/ Lcs(x, ad) c f n g n a = 0, 

which is a contradiction. 
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1/3 by 



□ 



The following result is implied by Corollaries 15.41 and 18.191 Lemma 12.291 and Example 11.101 

Corollary 9.8. Suppose that p ^ 5. Then 

f 1/3 whenever 2iX) G {5.1,5.2}, 
lct(X) = < 

^ ' I 1/2 m the remammg cases. 

Lemma 9.9. Suppose that 2{X) = 4.13 and X is general. Then lct(X) = 1/2. 
Proof. Let Fi = F2 = F3 = F^ x be fibers of three different projections 



»i X pi X pi 



respectively. There is a contraction a: X ^ pi X pi X pi of a surface E C X to a curve 

C C P^ X pi X pi 

such that C ■ Fi = C ■ F2 = 1 and C • F3 = 3. Then there is a smooth surface 

pi X pi ^ G G |Fi + F2I 

such that C C G. In particular, we see that 

-Kx ^2G + E + 2F3, 

where F3 and G are proper transforms of F3 and G, respectively. Hence lct(X) ^ 1/2. 

We suppose that lct(X) < 1/2. Then there exists an effective Q-divisor D ~q —Kx such 
that the log pair (X, \D) is not log canonical for some positive rational number A < 1/2. Note 
that 

/ lcs(x,xd) CE^F^, 



because lct(pi x P^ x P^) = 1/2 and a{D) ~q -Kpi^pi^pi. 

There are smooth surfaces Hi G |3-Fi + F^l and H2 G |3-F2 + -P3 such that 



C = G ■ Hi = G ■ H2, 
a proper transform of 
HiHG = H2r\G = 0. 



and Hi = H2 = P^ x P^. Let H^ be a proper transform of Hi on the threefold X. Then 



There is a commutative diagram 




such that (3 and ji are contractions of the surfaces G and Hi to a smooth curves, the morphisms 
TT and (j)i are P^-bundles, the morphisms C and ^i are projections that are given by the linear 
systems |Fi + F2I and \Fi + F3I, respectively. 
It follows from HiDG = that 

• either the log pair {V, \p{D)) is not log canonical, 

• of the log pair {Ui, X'yi{D)) is not log canonical. 
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Applying Theorem 12.271 to {V, XP{D)) or (Ui, Xji{D)) (and the fibration vr or ^i) and using 
Theorem 12.71 we see that 

LCS(X, XD 

where F is a fiber of the natural projection E ^ C . 

We may assume that a{T) G -F3. Let F3 C X be the proper transform of the surface F3. Put 

D = fiF3 + n, 

where is an effective Q-divisor on X such that (f_ Supp(r2). Then 

/uFa + a{^) ~Q 2(Fi + F2 + F3) , 

which gives fi ^ 2. The log pair (^3, Ar2|^g) is not log canonical along F C -F3 by Theorem 12. 191 
One has 



n 



F3 



and F3 is a del Pezzo surface such that Kp^ = 5. Note that -F3 may be singular. Namely, we 
have 

Sing(F3) =0 ^ |C n F3I = F3 • C = 3, 
and Sing(F3) C F. The following cases are possible: 

• the surface -F3 is smooth and |C fl F3I = 3; 

• the surface F3 has one ordinary double point and |C n ^3! = 2; 

• the surface F3 has a singular point of type A2 and |C n F3I = 1. 

We have lct(F3) ^ A < 1/2. Thus, it follows from Examples [110] and O that \C n F3I = 1, 
which is impossible if the threefold X is sufficiently general. □ 



10. Upper bounds 

We use the assumptions and notation introduced in section [TJ The purpose of this section is 
to find upper bounds for the global log canonical thresholds of the varieties X with 

G |l.l,1.2,... ,1.17,2.1,... ,2.36,3.1,... ,3.31,4.1,... ,4.13,5.1,... ,5.7, 5.8|. 

Lemma 10.1. Suppose that = 1.8. Then lct(X) ^ 6/7. 

Proof. The linear system | — Kx \ does not have base points and induces an embedding X C P^^, 
and the threefold X contains a line L C X (see [62]). 

It follows from Theorem 4.3.3] that there is a commutative diagram 

U ""--^w 



X - ^ P3 

where a is a blow up of the line L, the map p is a composition of flops, the morphism /? is a 
blow up of a smooth curve of degree 7 and genus 3, and ij) \s a, double projection from L. 
Let S <Z X he the proper transform of the exceptional surface of (3. Then 

multL(5) = 7 

and S ~ — 3i^x, which implies that lct(X) ^6/7. □ 
Lemma 10.2. Suppose that :i(X) = 1.9. Then \ci{X) ^ 4/5. 

Proof. The linear system | — Kx \ does not have base points and induces an embedding X C P^^, 
and the threefold X contains a line L d X (see |62j). 
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It follows from [2, Theorem 4.3.3] that there is a commutative diagram 



u- 



X 



Q 



where Q C is a smooth quadric threefold, a is a blow up of the line L, the map p is a com- 
position of flops, the morphism /3 is a blow up along a smooth curve of degree 7 and genus 2, 
and -0 is a double projection from the line L. 

Let S C X he the proper transform of the exceptional surface of /?. Then 

mult L (5) = 5 

and S ^ -2Kx, which implies that \ct{X) ^4/5. □ 
Lemma 10.3. Suppose that = 1.10. Then lct(X) ^ 2/3. 

Proof. The linear system | — Kx \ does not have base points and induces an embedding X C P^^, 
and the threefold X contains a line L C X (see [62j). 
It follows from [2, Theorem 4.3.3] that the diagram 



u- 



X 



V5 



commutes, where V5 is a smooth section of Gr(2, 5) C P^ by a linear subspace of dimension 6, 
the morphism a is a blow up of the line L, the map p is a composition of flops, the morphism 
/3 is a blow up of a smooth rational curve of degree 5, and ■0 is a double projection from L. 
Let S C X he the proper transform of the exceptional surface of f3. Then 

multi (5) = 3 

and S ~ —Kx, which implies that lct(X) ^ 2/3. 

Lemma 10.4. Suppose that 2{X) = 2.2. Then lct(X) ^ 13/14. 

Proof. There is a smooth divisor S c P^ x P^ of bi-degree (2, 4) such that the diagram 

X 



□ 




commutes, where vr is a double cover branched along B, the morphisms vri and 7r2 are natural 
projections, (pi is a fibration into del Pezzo surfaces of degree 2, and (j)2 is a conic bundle. 
Let Hi be a general fiber of (j)i. Put Hi = tt(Hi). Then the intersection 

[1)2 



C = HiHB C Hi 



is a smooth quartic curve. 

There is a point P & C such that 



where L C Hi = P^ is a line that is tangent to C at the point P. 
The curve tt2{L) is a line. Thus, there is a unique surface 



multp C - L ^ 3, 



Ho G 



1 



such that (j)2{H2) 



■n2{L). Hence —Kx ~ Hi + H2. 
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Let us show that lct(X,i?i + H2) ^ 13/14. Put H2 = vr(i?2)- Then 

LCS (^X, ^(^Hi + Fa)^ / ^ LCS (f^ x P^, + ^I^Hi + H2) ] ^ 
by [H Proposition 3.16]. Let a: y ^ x be a blow up of the curve C. Then 

Kv + Ib + ^ (^1 + H2) + ~Q a* (^/^pixp2 + ii? + 1^ (^1 + 
where B, Hi, H2 C F are proper transforms of B, Hi,H2, respectively. But the log pair 

is not log terminal along the fiber F of the morphism a such that a(r) = P, because 

multr (^2 • = mu\tp(c ■ ^2) > multp(c • ^ 3 
due to the choice of the fiber Hi. We see that 

r C LCS (v, ^H2 + ^E^ C LCS (v, + ^ (^1 + ^2) + ^E 

which implies that lct(X,i7i + H2) ^ 13/14. Hence the inequality lct(X) ^ 13/14 holds. □ 

Remark 10.5. It follows from Lemmas E^S] and O that lct(X) ^ 2/3 if X^) = 2.2 and the 
threefold X satisfies the following generality condition: any fiber of (pi satisfies the hypotheses 
of Lemma 14.11 

Lemma 10.6. Suppose that 2{X) = 2.7. Then lct(X) ^ 2/3. 
Proof. There is a commutative diagram 

X 





Q ----pi 

where Q C P^ is a smooth quadric threefold, a is a blow up of a smooth curve that is a complete 
intersection of two divisors 



Of 



the morphism /3 is a fibration into del Pezzo surfaces of degree 4, and tp is a rational map that 
is induced by the pencil generated by the surfaces 5i and 82. Then lct(X) ^2/3, because 

3 - 1 

-Kx ~Q -Si + -E, 

where 5i C X is a proper transform of the surface Si, and E is the exceptional divisor of a. □ 
Lemma 10.7. Suppose that 2{X) = 2.9. Then lct(X) ^ 3/4. 
Proof. There is a commutative diagram 

X 

T>2 




where a is a blow up of a smooth curve C C P'^ of degree 7 and genus 5 that is a scheme-theoretic 
intersection of cubic surfaces in P^, the morphism /? is a conic bundle, and ip is a. rational map 
that is given by the linear system of cubic surfaces that contain C . One has 

4 1 

—Kx ~Q -S + -E, 

where S E |/3*(C'p2(l))|, and E is the exceptional divisor of a. We see that lct(X) ^ 3/4. □ 
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Lemma 10.8. Suppose that 2{X) = 2.12. Then lct{X) ^ 3/4. 
Proof. There is a commutative diagram 

X 





p3 _^p3 

where a and /? are blow ups of smooth curves C C and Z C of degree 6 and genus 3 that 
are scheme-theoretic intersections of cubic surfaces in P^, and -0 is a birational map that is given 
by the hnear system of cubic surfaces that contain C. Then 

4 1 
~Kx ~Q -S + -E, 

where S G |/3*(Op3(l))|, and E is the exceptional divisor of a. We see that lct(X) ^ 3/4. □ 
Lemma 10.9. Suppose that 2{X) = 2.13. Then lct(X) ^ 2/3. 
Proof. There is a commutative diagram 

X 





Q --->p2 

where Q C P^ is a smooth quadric threefold, a is a blow up of a smooth curve C C Q of degree 6 

and genus 2, the morphism /3 is a conic bundle, and ^p is a rational map that is given by the linear 
system of surfaces in |Op4(2)|q| that contain the curve C. One has 

3 1 

-Kx -^Q -S + -E, 

where S G |/3*(Op2(l))|, and E is the exceptional divisor of a. We see that lct(X) ^ 2/3. □ 
Lemma 10.10. Suppose that 2{X) = 2.16. Then lct(X) ^ 1/2. 
Proof. There is a commutative diagram 

X 





Vi ---^P2 

where V4 C P^ is a smooth complete intersection of two quadric hyper surf aces, a is a blow up 
of an irreducible conic C C V4, the morphism /3 is a conic bundle, and ^/j is a rational map that 
is given by the linear system of surfaces in |OpB(l)|vi| that contain C. One has 

-Kx r^2S + E, 

where S G |/3*(Op2(l))|, and E is the exceptional divisor of a. We see that lct{X) ^ 1/2. □ 
Lemma 10.11. Suppose that 2{X) = 2.17. Then lct(X) ^ 2/3. 
Proof. There is a commutative diagram 

X 

Q -^p3 
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where Q C is a smooth quadric threefold, the morphisms a and /3 are blow ups of smooth 
elliptic curves C C Q and Z C of degree 5, respectively, and the map tp is given by the linear 
system of surfaces in |Op4(2)|q| that contain the curve C. One has 

3 1 

-Kx ~Q -S + -E, 

where S G |/3*(Op3(l))|, and E is the exceptional divisor of a. We see that lct{X) ^ 2/3. □ 
Lemma 10.12. Suppose that 2{X) = 2.20. Then lct(X) ^ 1/2. 
Proof. There is a commutative diagram 

X 





V5 ---^P2 

where V5 C P^ is a smooth intersection of Gr(2, 5) C P^ with a linear subspace of dimension 6, 
the morphism a is a blow up of a cubic curve P^ = C C V5, the morphism /? is a conic bundle, 
and V' is given by the linear system of surfaces in |C'p6(l)|v5| that contain the curve C. One has 

-Kx ^2S + E, 

where S G |/3*(Op2(l))|, and E is the exceptional divisor of a. We see that lct(X) ^1/2. □ 
Lemma 10.13. Suppose that 2{X) = 2.21. Then lct{X) ^ 2/3. 
Proof. There is a commutative diagram 

X 

Q ---^Q 

where Q C P^ is a smooth quadric threefold, the morphisms a and /? arc blow ups of smooth 
rational curves C <Z Q and Z <Z Q oi degree 4, and ^ is a birational map that is given by 
the linear system of surfaces in |Op4(2)|q| that contain the curve C. One has 

3 1 
-Kx ~Q -5 + 

where S G |/3*(Op4(1))|q|, and E is the exceptional divisor of a. We see that lct(X) ^ 2/3. □ 
Lemma 10.14. Suppose that 1{X) = 2.22. Then lct(X) ^ 1/2. 
Proof. There is a commutative diagram 

X 






V5 ---^p3 

V) 

where V5 C P^ is a smooth intersection of Gr(2, 5) C P^ with a linear subspace of dimension 6, 

the morphisms a and f3 arc blow ups of a conic C C V5 and a rational (not linearly normal) 
quartic Z C P^, respectively, and is given by the linear system of surfaces in |Op6(l)|v5| that 
contain the curve C. One has 

-Kx ^2S + E, 

where S G |/3*(C'p3(l))|, and E is the exceptional divisor of a. We see that lct(X) ^ 1/2. □ 



Lemma 10.15. Suppose that 2{X) = 3.13. Then lct(X) ^ 1/2. 
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Proof. There is a commutative diagram 




such that Wi C x is a divisor of bi-degree (1, 1), the morphisms Ui and Pi are P^-bundles, 
TTj is a blow up of a smooth curve Cj C Wi of bi-degree (2, 2) such that 

a^{Ci) D 

are irreducible conies, and (j)i is a conic bundle. Let Ei be the exceptional divisor of vTj. Then 

—Kx ~ 2Hi + El ^ 2H2 + i?2 ~ + E3 ^ El + E2 + E3, 

where Hi G |(/>*(C'p2(l))|. We see that lct(X) ^ 1/2. □ 

Remark 10.16. Let us use the notation of the proof of Lemma 110.151 and assume that \ct{X) < 
1/2. Then there is an effective Q-divisor D ~q —Kx such that the log pair (X,\D) is not log 
canonical for some A < 1/2. Since lct(VFj) = 1/2 by Theorem 16. H one has 

^ LCS{X, XD) cEiCiEiHEs. 

In particular, by Theorem 12. 71 the locus LCS(X, XD) consists of a single point P; note that P is 
an intersection P = Fi H F2 H F3 oi three curves Fi such that F2 U F3 (resp., Fi U F3, Fi U F2) 
is a reducible fiber of the conic bundle 4>i (resp., (j)2, ^s)- 

Appendix A. By Jean-Pierre Demailly. On Tian's invariant and log canonical 

THRESHOLDS 

The goal of this appendix is to relate log canonical thresholds with the a-invariant introduced 
by G. Tian [3] for the study of the existence of Kahler-Einstein metrics. The approximation 
technique of closed positive (1, l)-currents introduced in |63j is used to show that the a-invariant 
actually coincides with the log canonical threshold. 

Algebraic geometers have been aware of this fact after [21] appeared, and several papers 
have used it consistently in the latter years (see e.g. [BJj) |S5])- However, it turns out that the 
required result is stated only in a local analytic form in [21], in a language which may not be 
easily recognizable by algebraically minded people. Therefore, we will repair here the lack of a 
proper reference by stating and proving the statements required for the applications to projective 
varieties, e.g. existence of Kahler-Einstein metrics on Fano varieties and Fano orbifolds. 

Usually, in these applications, only the case of the anticanonical line bundle L = —Kx is 
considered. Here we will consider more generally the case of an arbitrary line bundle L (or Q- 
line bundle L) on a complex manifold X, with some additional restrictions which will be stated 
later. 

Assume that L is equipped with a singular hermitian metric h (see e.g. |66j). Locally, L 
admits trivializations : L|(7 ~ C/ x C, and on U the metric h is given by a weight function (p 
such that 

m\l = \i?e-^^'~^UoT allzEf/,eGL„ 
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when ^ € Lz IS identified with a complex number. We are interested in the case where (p is (at 
the very least) a locally integrable function for the Lebesgue measure, since it is then possible 
to compute the curvature form 

2 

= -ddip 

TT 

in the sense of distributions. We have QL,h ^ as a (1, l)-current if and only if the weights (p 
are plurisubharmonic functions. In the sequel we will be interested only in that case. 

Let us first introduce the concept of complex singularity exponent for singular hermitian 
metrics, following e.g. [67], [68], [69] and 



Definition A.l. If is a compact subset of X, we define the complex singularity exponent 
CK{h) of the metric h, written locally as h = e~'^^, to be the supremum of all positive numbers 
c such that h'^ = e"^'^''' is integrable in a neighborhood of every point zq S K, with respect to 
the Lebesgue measure in holomorphic coordinates centered at zq. 

Now, we introduce a generalized version of Tian's invariant a, as defined in [3] (see also [70] ) . 

Definition A. 2. Assume that X is a compact manifold and that L is a pseudo-effective line 
bundle, i.e. L admits a singular hermitian metric ho with QL,ho ^0- K is a compact subset 
of X, we put 

axiL) = inf cxih) 

where h runs over all singular hermitian metrics on L such that Qi^h ^ 0. 

In algebraic geometry, it is more usual to look instead at linear systems defined by a family of 
linearly independent sections (Tq, cii, . . . , cjat G H^{X, L®™). We denote by S the vector subspace 
generated by these sections and by 

|S| := P(S) C \mL\ := P(/7°(X, L®")) 

the corresponding linear system. Such an {N + l)-tuple of sections a = (cj)o^j^Af defines a 
singular hermitian metric /i on L by putting in any trivialization 



for e G L„ 



hence h{z) = \cr{z)\ with 



as the associated weight function. Therefore, we are interested in the number ck{\(t\~'^^"^). In 
the case of a single section (Tq (corresponding to a linear system containing a single divisor), this 
is the same as the log canonical threshold lcti<-(X, ^D) of the where D is a divisor corresponding 
to (Tq. We will also use the formal notation lct_ft"(X, ;;^|S|) in the case of a higher dimensional 
linear system |S| C |mL|. 

Now, recall that the line bundle L is said to be big if the Kodaira-Iitaka dimension x(-L) 
equals n = dimc(X). The main result of this appendix is 

Theorem A. 3. Let L be a big line bundle on a compact complex manifold X. Then for every 
compact set X in X we have 

axiL) = inf cxih) = inf inf Xcixix, — D 

Observe that the inequality 

inf inf Icti^ fx, — > inf CK{h) 
mez>oDe|mL| \ m J {?i,eL,h^o} 

is trivial, since any divisor D G \mL\ gives rise to a singular hermitian metric h. The converse 
inequality will follow from the approximation technique of [63] and some elementary analysis. 
The proof is parallel to the proof of ^21^ Theorem 4.2], although the language used there was 
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somewhat different. In any case, we use again the crucial concept of multipher ideal sheaves: 
if ^ is a singular hermitian metric with local plurisubharmonic weights 99, the multiplier ideal 
sheaf I{h) C Ox (also denoted by is the ideal sheaf defined by 



1{h)z = { / £ Ox,z I there exists a neighborhood V 3 

such that / |/(x)|2e-2^(^)dA(2;) < +00 
Jv 

where A is the Lebesgue measure. By Nadel (see |20)). this is a coherent analytic sheaf on X. 
Theorem I A. 3 1 has a more precise version which can be stated as follows. 

Theorem A. 4. Let L be a line bundle on a compact complex manifold X possessing a singular 
hermitian metric h with QL,h ^ for some e > and some smooth positive definite hermitian 
(1, l)-form uj on X. For every real number m > 0, consider the space Tim = H^{X, L®™(8)X(/i™)) 
of holomorphic sections a of L®*" on X such that 



[ \a\lrudV^ = [ lCTpe-2™'^(iK; < +00, 
Jx Jx 



IX JX 

where dV^ = ■^'^'^ is the hermitian volume form. Then for m ^ 1, Tim is a non zero finite 
dimensional Hilbert space and we consider the closed positive (1, l)-current 

k k 

where {gm,k)i^k^N{m.) is an orthonormal basis of Hm- The following statements hold. 

(i) For every trivialization L|[7~?7xCona cordinate open set U of X and every compact set 
K C U, there are constants Ci, C2 > independent of m and 99 such that 

^{z) ^'4^m{z) := —\og^ \gm,k{z)\^ sup 99(2;) H log — 

m 2m ^ \x-z\<r 

for every z ^ K and r ^ ^d{K,dU). In particular, converges to pointwise and in LJ^^ 
topology on $7 when m — > +00, hence Tm converges weakly to T = Ql^h- 

(ii) The Lelong numbers i^{T, z) = 1/(99, z) and v{Tm, z) = i'{'iprm z) are related by 

Tl 

vlT, z) ^ i^(Tm, z) ^ i/(r, z) for every z G X. 

m 

(iii) For every compact set K d X, the complex singularity exponents of the metrics given 
locally by /i = e"^"^ and hm = e"^'^™ satisfy 

m 

Proof. The major part of the proof is a small variation of the arguments already explained in [63] 
(see also [21] Theorem 4.2]). We give them here in some detail for the convenience of the reader. 

(i) We note that ^ \grn,kiz)\'^ is the square of the norm of the evaluation linear form a i—>- (t{z) 
on Tim, hence 

Tpm{z) = sup — log |cr(2;)| 

(TeB(i) 

where B{1) is the unit ball of Hm- For r ^ \d{K, dQ), the mean value inequality applied to the 
plurisubharmonic function |crp implies 



-z\<r 



^^^^iriexp(2m sup v^(x)) / H^^-^dA. 
r /n\ \ \x-z\<r ' Jn 
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If we take the supremum over all a € B{1) we get 

1pm{z) ^ sup V?(x) + log ■ 



\x~z\<r 2m 7r"r2"/n! 

and the right hand inequality in (i) is proved. Conversely, the Ohsawa-Takegoshi extension 
theorem [7l], [72] applied to the 0-dimensional subvariety {z} C U shows that for any a G C 
there is a holomorphic function f on U such that f{z) = a and 



Ju 



2 —2m(f{z) 



where C3 only depends on n and diam({7). Now, provided a remains in a compact set K C U,we 
can use a cut-off function 6 with support in U and equal to 1 in a neighborhood of a, and solve 
the 9-equation dg = d{6f) in the space associated with the weight 2mLp + 2(n + 1) log I2; — a| , 
that is, the singular hermitian metric h{z L®™. For this, we apply the 

standard Andreotti-Vesentini-Hormander estimates (see e.g. [73] for the required version). 
This is possible for m ^ thanks to the hypothesis that QL,h ^ suj > 0, even if X is non 
Kahler {X is in any event a Moishezon variety from our assumptions). The bound niQ depends 
only on e and the geometry of a finite covering of X by compact sets Kj C Uj, where Uj are 
coordinate balls (say); it is independent of the point a and even of the metric h. It follows that 
g{a) = and therefore a = Of — g \s a, holomorphic section of L®™ such that 

IX Jx Ju 

in particular, a G Tim = H^{X,L®'^ (g) J(/i™)). We fix a such that the right hand side of the 
latter inequality is 1. This gives the inequality 

'4'm{z) ^ — log a = ip[z) 

m 2m 

which is the left hand part of statement (i). 

(ii) The first inequality in (i) implies u['il)m-,z) ^ v{'^,z). In the opposite direction, we find 



1 C2 

sup ll^mix) ^ sup (^(x) + — -log 
\x—z\<r \x—z\<2r 



m r" 



Divide by logr < and take the limit as r tends to 0. The quotient by logr of the supremum 
of a psh function over B{x,r) tends to the Lelong number at x. Thus we obtain 

Tl 

m 

(iii) Again, the first inequality in (i) immediately yields hm ^ Ceh, hence CK{hm) ^ cxih). For 
the converse inequality, since we have c^Kjih) = minjCXj(/i), we can assume without loss of 
generality that K is contained in a trivializing open patch U of L. Let us take c < cxiipm)- Then, 
by definition, if V C X is a sufficiently small open neighborhood of K, the Holder inequality for 
the conjugate exponents p = 1 + mc~^ and q = 1 + m~^c implies, thanks to equality ^ = 



e 

V 



l^k^N{m) 




l^fc^Af(m) 

From this we infer ckQi) ^ m/p, i.e., CK{h)~^ ^ p/m = 1/m + c^^. As c < CK{ipm) was 
arbitrary, we get CK{h)~^ ^ 1/m + CK{hm)~^ and the inequalities of (iii) are proved. □ 
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Proof of Theorem \A.3l Given a big line bundle L on X, there exists a modification fi : X ^ X 
of X such that X is projective and fi*L = 0{A + E) where A is an ample divisor and E an 
effective divisor with rational coefficients. By pushing forward by /i a smooth metric Ha with 
positive curvature on A, we get a singular hermitian metric hi on L such that 

on X. Then for any 6 > and any singular hermitian metric h on L with Qifi ^ 0, the 
interpolated metric hs = hfh^~^ satisfies QL,hs ^ Seuj. Since hi is bounded away from 0, it 
follows that CK{h) ^ (1 — 5)cK{hs) by monotonicity. By Theorem IA.4I (iii) applied to hs, we 
infer 

cxihs) = lim CKihs^m), 

and we also have 

CK{h5,m) ^ Ictxf — Z?5,, 
Vm 

for any divisor Ds^m associated with a section a G H^{X,L®^ <^Z{h^)), since the metric hs^m 
is given by /i^ ^ = |5m,fcP)~^''™ for an orthornormal basis of such sections. This clearly 
implies 

Cxih) ^ liminf liminf Ictj^l — Dsm) ^ inf inf Icti^f — d\. □ 

5^0 m^+oo \m ' / meZ>o _DG|m-L| / 

In the applications, it is frequent to have a finite or compact group G of automorphisms 
of X and to look at G-invariant objects, namely G-equivariant metrics on G-equivariant line 
bundles L; in the case of a reductive algebraic group G we simply consider a compact real form 
G^ instead of G itself. 

One then gets an a invariant aG,K{L) by looking only at G-equivariant metrics in Defini- 
tion [A21 All contructions made are then G-equivariant, especially Tim C \raL\ is a G-invariant 
linear system. For every G-invariant compact set K in X, we thus infer 

(A. 5) ac k{L) = inf c^ih) = inf inf Ict^f — 15] 

{/i is G-equivariant, eL,h^O} mgZ>o |S|c|mL|, E'3=E Vm 

When G is a finite group, one can pick for m large enough a G-invariant divisor Ds^m associated 
with a G-invariant section a, possibly after multiplying m by the order of G. One then gets the 
slightly simpler equality 

(A.6) aGK{L)= inf inf Ict/^f— D 

meZ>o D&\mL\'3 Vm 

In a similar manner, one can work on an orbifold X rather than on a non singular variety. The 
L"^ techniques work in this setting with almost no change {L? estimates are essentially insensitive 
to singularities, since one can just use an orbifold metric on the open set of regular points). □ 

Appendix B. The Big Table 

This appendix contains the list of nonsingular Fano threefolds. We follow the notation and 
the numeration of these in [2], [50], [51]. We also assume the following conventions. The symbol 
Vi denotes a smooth Fano threefold such that —Kx ~ 2// and Pic(Vi) = where H \s a 

Cartier divisor on Vi, and = 8i £ {8, 16, ... , 40}. The symbol W denotes a divisor on p2 X p2 
of bidegree (1, 1) (or, that is the same, the variety P(Tp2)). The symbol Vi denotes a blow up 
of at a point (or, that is the same, the variety P(Op2 © Op2(l))). The symbol Q denotes 
a smooth quadric hypersurface in P^. The symbol Si denotes a smooth del Pezzo surface such 
that 

Kl=ze{l,...,8}, 

where S's ^ P^ x P^. 

The fourth column of Table [1] contains the values of global log canonical thresholds of the 
corresponding Fano varieties. The symbol * near a number means that lct{X) is calculated for 
a general X with a given deformation type. If we know only the upper bound lct(X) ^ a, we 



write ^ a instead of the exact value of lct{X), and the symbol ? means that we don't know 
any reasonable upper bound (apart from a trivial lct(X) ^ 1). 

Table 1: Smooth Fane threefolds 



2(X) 


-Kx 


Brief description 


lct(X) 


1.1 


2 


a hypersurface in P(l, 1, 1, 1, 3) of degree 6 


!★ 


1.2 


4 


a hypersurface in P'* of degree 4 or 

a double cover of smooth quadric in branched over a 

surface of degree 8 


? 


1.3 


6 


a complete intersection of a quadric and a cubic in P'^ 


? 


1.4 


8 


a complete intersection of three quadrics P*" 


? 


1.5 


10 


a section of Gr(2, 5) C P'^ by quadric and linear subspace 
of dimension 7 


? 


1.6 


12 


a section of the Hermitian symmetric space M = G/P C 

pl5 

of type Dill by a linear subspace of dimension 8 


? 


1.7 


14 


a section of Gr(2, 6) C P^^ by a linear subspace of codi- 
mension 5 


? 


1.8 


16 


a section of the Hermitian symmetric space M = G/P C 

pl9 

of type CI by a linear subspace of dimension 10 


<6/7 


1.9 


18 


a section of the 5-dimensional rational homogeneous 
contact 

manifold G2/P C P^^ by a linear subspace of dimen- 
sion 11 


< 4/5 


1.10 


22 


a zero locus of three sections of the rank 3 vector bundle 

A' Q, 

where Q is the universal quotient bundle on Gr(7, 3) 


^ 2/3 


1.11 


8 


Vi that is a hypersurface in P(l, 1, 1, 2, 3) of degree 6 


1/2 


1.12 


16 


V2 that is a hypersurface in P(l, 1, 1, 1, 2) of degree 4 


1/2 


1.13 


24 


V3 that is a hypersurface in P^ of degree 3 


1/2 


1.14 


32 


V4 that is a complete intersection of two quadrics in P^ 


1/2 


1.15 


40 


V5 that is a section of Gr(2, 5) C P^ by linear subspace 
of codimension 3 


1/2 


1.16 


54 


Q that is a hypersurface in P* of degree 2 


1/3 


1.17 


64 




1/4 


2.1 


4 


a blow up of the Fano threefold V\ along an elliptic curve 

that is an intersection of two divisors from — \Ky^ \ 


1/2 


2.2 


6 


a d()iii)k^ ('ov(T of P"'" x P'^ whosc^ branc;li locus is a divisor 
of l)i(kgroc (2,4) 


13/14 


2.3 


8 


the blow up of the Fano threefold V2 along an elliptic 

curv(^ 

IhrtI is an inl (^rsect ion of two (li\isors from — ^/v v , 


1/2 


2.4 


10 


the blow up of P'* along an intersection of two cubics 


3/4* 

1 


2.5 


12 


the blow up of the threefold V3 C P^ along a plane cubic 


1/2* 


2.6 


12 


a divisor on P^ x P^ of bidegree (2, 2) or 

a double cover of W whose branch locus is a surface in 

1 -Kw\ 


? 


2.7 


14 


the blow up of Q along the intersection of two divisors 

from |Oq(2)| 


< 2/3 


2.8 


14 


a double cover of V7 whose branch locus is a surface in 


1/2* 


2.9 


16 


the blow up of P''' along a curve of degree 7 and genus 5 
which is an intersection of cubics 


<3/4 


2.10 


16 


the blow up of V4 C P'^ along an elliptic curve 
which is an intersection of two hyperplane sections 


1/2* 


2.11 


18 


the blow up of V3 along a line 


1/2* 



90 



2.12 


20 


the blow up of P"^ along a curve of degree 6 and genus 3 
which is an intersection of cubics 


<3/4 


2.13 


20 


the blow up of Q C P* along a curve of degree 6 and 

genus 2 


2/3 


9 1/1 


90 

zu 


the blow up of V5 C P^ along an elliptic curve 
wiiicii io all mtcibcCLilun ui iwu nypeipiant; occtiouo 


1 /9u. 


2.15 


22 


the blow up of P"* along the intersection of a quadric and 


1/2* 


9 1 R 


99 
zz 


Xilt: DIUW up Ul V4 IT dlOIlg, d CUIllC 


<r 1 /9 
^ 1/Z 


9 17 
z. 1 / 


94 

Z4: 


^~lii^ V\li^TT7 nn /~if i"" IP'^ 1 /~iTi re on i^lliT^^"i/^ /^Tivird arx'r CiC:> ^ 
LliU UlUW up Ui \^ IT cLUJlig, dil L-liipLlC CUlVc Ui U.t;g,i O 


^ Z/0 


9 1 S 
z. lo 


94 
Z^ 


d, QUUDiC CUVCi Ul ir X ir WllUoc L)idIiCil iUCUo lo d. CIIVIdUI 

C\\ \w (\ C^Ct'TCSpi (9 9 1 

Ui UiU-C^i I Z(j Zi 1 


1 /9 


2.19 


26 


the blow up of V4 c P'' along a line 


1/2* 


2.20 


26 


the blow up of V5 C P^ along a twisted cubic 


^ 1/2 


9 91 
Z.Z i 


9S5 
Zo 


the blow up of G P^ along a twistc^d r(uartic' 


<^ 9 /'X 


9 99 

z.zz 




I li(^ u]) of 1.-) P'' along a conic 


"1 /■> 
=^ -L/- 


2.23 


30 


the blow up of Q C P* along a curve of degree 4 that is 
an int(^rs(X'tion of a surface^ in C^j i(l) c)| and a. surface^ 


1/37^ 


9 94 

Z . Z4: 


ou 


d QiVlbUi Uii IT A ir Ui Ul(_iL.^i L.U ll,ZI 


1 /9~jr 
1 / Z>r 


9 9^1 
z . zo 


"^9 
oz 


lilt! UiUW up Ul IT diUil^ dli fcJliipiiC CUiVc WiliCil ib dli 
ilitCi tlUll Ui tWU Lj^UCLLll iL/i3 


1 /9 


9 9fi 


"^4 

04: 


i"lir» Vilr^iisT" nr^ iVir^ I'ViTT^rifr^lrl T/r- ( TP^ cilnncp q Imfi 
LiiU UiUW up Ui LiiU Liii UUiUiU ^ cXiUiit d iiiiC 




9 97 


oo 


i" no r\l/~nsr i Tr\ c\\ TP c* 1 cw~\ cr ti "fiiin g1"£iH r*! i r»i 
tiitr UiUW up Ui IT diUii^ d UWioUtJLi UUUiU 


1 /9 

i/Z 


9 9S 


40 


■j- Vl Q r\ 1 j~*TTr 1 1T\ I^T IP Q 1 C\X\ Cf Q Til Q T1 i^l 1 r\1 r* 
tiit; UiUW up Ui IT diUiig d pidiitJ l^UUil^ 


1 /4 


9 9Q 


40 


i"li r» V»l n r^T" TP'^ q 1 r\n cr a rr^n i 
LiiL. UiUW up Ui 11 diUiit d CUiiiL- 


i/O 


9 "^n 


4fi 


tiit? UiUW up Ui IT diUiig d CUiiiC 


1 /4 


9 "^1 

Z . 1 


4f; 


lilt! UIUW up Ui Vi^/ ir dlUlig, d illlc 


1/ J 


9 "^9 


4S 


T/T/^ tlint It; rliTricnv (~in TP V TP nr V»irl£icrT*£ic» f 1 1 1 
LiidL it) d UiVibUi Uii ir A ir Ui UiU.tJ^itJC \ -L; i- ) 


1 /9 

i/Z 


2.33 


54 


the blow up of P"* along a line 


1/4 


9 '-izl 


^4 


IT A IT 




2.35 


56 


F7 ^P(Op2 ©C'p2(l)) 


1/4 


2.36 


62 


P(Op2 ©Ops (2)) 


1/5 


3.1 


12 


a double cover of pi x pi x pi branched in a divisor of 
triuegree (^z, z, zj 


3/4* 


d.Z 


1 A 


a divisor on a Ir -bunule F^Cpi xpi © C/pi xpi (,~J-5 — J-j © 
CpixPi(-li -1)) 

such that X e <8> Opixpi(2, 3) , where L is the tau- 
tological line bundle 


1 /O 1 

Lf Z-k 


Q '3 
O.O 


1 Q 


a divisor on P"'^ x P""^ x P'^ of tridegree (1,1,2) 




3.4 


1 o 

18 


the blow up of the Fano threefold Y with 2{Y) = 2.18 

along a smooth fiber 

or tne (oniposition i — > F x F — > V oi tlie aoiinle 
(■()\(>r with the jirojectiou 


1 /o 

1/2 


O.O 


on 
zU 


the blow up of P x P" along a curve C of bidegree (5, 2) 
suc;h that tlw^ composition C ^ P-^ x P^ ^ P^ is an 


1 /9^ 












eml)e(l(liiig 




3.6 


22 


the blow up of P * along a disjoint union of a line and an 
elliptic curve of degree 4 




3.7 


24 


the blow up of the threefold W along an elliptic curve 

that is an intersection of two divisors from | — ■^K\^\ 




3.8 


24 


a divisor in (a o 7ri)*(Op2(l)) (g) 7r2(C'p2(2)) , where 
TTi : Fi X p2 ^ Fi 

and : Fi X p2 ^ P^ are projections, and a : Fi ^ P^ 
is a blow up of a point 


1/2* 



91 



3.9 


26 


the blow up of a cone W4 C P'' over the Veronese surface 

it4 C V 

with center in a disjoint union of the vertex and a quartic 
on /14 — It 


1/3 


3.10 


26 


the blow up of Q C along a disjoint union of two 
conics 


1/2 


3.11 


28 


the blow up of the threefold V7 along an elliptic curve 
that is an intersection of two divisors from | — \Kv^\ 


1/2 


3.12 


28 


the blow up of P"* along a disjoint union of a line and a 

twisted cubic 


1/2 


3.13 


30 


the blow up of W C X P^ along a curve C of bidegree 

such that 7ri(C) C P^ and 7r2(C) C P^ are irreducible 

conics, 

where tti : W — > P^ and 1^2' W ^ W"^ are natural pro- 
jections 


^ 1/2 


3.14 


32 


the blow up of P"^ along a disjoint union of a plane cubic 
curve that 

is contained in a plane 11 C P^ and a point that is not 

contained in 11 


1/2 


3.15 


32 


the blow up of Q C along a disjoint union of a line 
and a conic 


1/2 


O.ID 


Q A 


the blow up of V7 along a proper transform via the blow 

up a : ^7 ^ P^ 

of a twisted cubic passing through the center of the blow 

up ol 


1 /o 
1/2 


1 7 


OD 


i^iTrnorw r\v-i TP'-'- \/ TP'-'- v TP'-^ i--r\r\cifVfCi£i 1 T 1 ^ 

d ciivioOl Oil IT X ir A IT 01 tiiue^iee i, ij 




1 ^ 




tne Diow up 01 ir cLiong d. ciiojonii union or d. inie anu. a 

conic 


1 1'X 


1 Q 
o. ly 




iiie uiow up 01 t_ jr at i^wo uoii-conmeai poinis 


1/6 


3.20 


38 


the blow up of (5 C P* along a disjoint union of two lines 


1/3 


3.21 


38 


the blow up of P^ x P^ along a curve of bidegree (2,1) 


1/3 


3.22 


40 


th{^ blow up of ¥^ X P*^ along a conic in a fiber of the 
})roj('ct ion T''^ X P~ — * p'" 


1/3 


3.23 


42 


the blow up of V7 along a proper transform via the blow 
up a . V7 — > r 

of an irreducible conic passing through the center of the 

blow up a 


1/4 


Q 0/1 


AO 


w X p2 f 1 , wnere vv — >f isair- ounuie ana f 1 — > Jr 
IS ijue uiow up 


1/3 


o.zo 


AA 
44 


the blow up of P^ along a disjoint union of two lines 


i/ 6 


3.26 


46 


the blow up of P'^ with center in a disjoint union of a 
point and a line 


1/4 


3.27 


48 


pi X pi X pi 


1/2 


o.zo 


4o 


F X f 1 


1/3 


3.29 


50 


the blow up of the Fano threefold V^ along a line in 

i;^p2, 

where E is the exceptional divisor of the blow up V^ 

■p3 
Jr 


1/5 








3.30 


50 


the blow up of Vj along a proper transform via the blow 

Up Oi . 1/7 —J- F 

01 a iuie iiiai paooeo iniougn me ceiiiei oi iiie uiow up 

a 


1/4 


3.31 


52 


the blow up of a cone over a smooth quadric in P"* at 
the vertex 


1/3 


4.1 


24 


divisor on P^ x P^ x P^ x P^ of multidegree (1,1,1,1) 


1/2 



92 



A 


Zo 


the blow up of the cone over a smooth quadric C P"^ 
along a disjoint union of the vertex and an elliptic curve 
on S 


1 /o 
1/2 


4.3 


30 


the blow up of X X P^ along a curve of tridegree 
(1.1,2) 


1/2 


4.4 


32 


the blow up of the smooth Fano threefold Y with 2{Y) = 
o.iy 

along the proper transform of a conic on the quadric 

/O r- 1P>4 

V c r 

that passes through the both centers of the blow up 
Y^Q 


1/3 


4.0 


6Z 


the blow up of P^ x P"^ along a disjoint union of 

two irreducible curves of bidegree (2, 1) and (1, 0) 


3/7 


A 


o4 


the blow up of P along a disjoint union of three lines 




4.7 


36 


the blow up of C P'^ X P^ along a disjoint union of 
two curves of bidcgrcc (0, 1) and (1,0) 


1/2 


A Q 
4.0 




the blow up of P x P x P along a curve of tridegree 


1/3 


4.9 


40 


the blow up of the smooth Fano threefold Y with 2{Y) = 
3.25 

along a curve that is contracted by the blow up F ^ P"^ 


1/3 


/I 1 n 
4. iU 


/I 

4z 


Ir X 07 


1 /Q 

1/3 


4.11 


44 


the blow up of P^ x Fi along a curve C = P^ such that 
C is contained 

in a fiber i?' ^ Fi of the projection P^ x Fi ^ P^ and 

{_/•{_/ = —i on r 


1/3 


4.12 


46 


the blow up of the smooth Fano threefold Y with 2{Y) = 
Z.66 

along two curves that are contracted by the blow up 

r ^ p3 


1/4 


4.13 


26 


the blow up of P^ x P^ x P^ along a curve of tridegree 

(1,1,-3) 


1/2,^ 


5.1 


28 


the blow up of the smooth Fano threefold Y with 2{Y) = 
2.29 

along three curves that are contracted by the blow up 

Y^Q 


1/3 


5.2 


36 


the blow up of the smooth Fano threefold Y with 2{Y) = 
3.25 along 

two curves Ci ^ C2 that are contracted by the blow up 
J,. V V f3 

aiiQ LiidjL aie coiitameci m xne sanie excepxionai ciiviooi 

fit i~i m^r m~\ 


1/3 


o ■ o 


' >u 


IT A ,..;?( 1 


-L/ - 


^1 4 




pi X 'ic 


1 /2 


5.5 


24 


P^ X ^4 


1/2 


5.6 


18 


P^ X 53 


1/2 


5.7 


12 


P^ X S2 


1/2 


5.8 


6 


X Si 


1/2 



References 

[1] J. Kollar, Singularities of pairs 

Proceedings of Symposia in Pure Mathematics 62 (1997), 221-287 
[2] V. Iskovskikh, Yu. Prokliorov, Fano varieties 

Encyclopaedia of Matlicmatical Sciences 47 (1999) Springer, Berlin 
[3] G. Tian, On Kahler-Einstein metrics on certain Kdhler manifolds with ci(M) > 

Inventiones Mathematicae 89 (1987), 225-246 
[4] Q. Zhang, Rational connectedness of log Q-Fano varietiess 

Journal fur die Reine und Angewandte Mathematik 590 (2006), 131-142 

93 



[5] I. Cheltsov, Log canonical thresholds on hypersurfaces 

Sbornik: Mathematics 192 (2001), 1241-1257 
[6] J.-M. Hwang, Log canonical thresholds of divisors on Fano manifolds of Picard rank 1 

Compositio Mathematica 143 (2007), 89-94 
[7] A. Pukhlikov, Birational geometry of Fano direct products 

Izvestiya: Mathematics 69 (2005), 1225-1255 
[8] I. Chehsov, J.Park, J. Won, Log canonical thresholds of certain Fano hypersurfaces 

arXiv:math.AG/0706.0751 (2007) 
[9] A. R. lano-Fletcher, Working with weighted complete intersections 

L.M.S. Lecture Note Series 281 (2000), 101-173 
[10] J.Johnson, J.Kollar, Fano hypersurfaces in weighted projective 4:-spaces 

Experimental Mathematics 10 (2001), 151-158 
[11] I. Cheltsov, Fano varieties with many selfmaps 

Advances in Mathematics 217 (2008), 97-124 
[12] I. Cheltsov, Extremal metrics on two Fano varieties 

Sbornik: Mathematics, to appear 
[13] I. Cheltsov, Double spaces with isolated singularities 

Sbornik: Mathematics 199 (2008), 291-306 
[14] M. Furushima, Singular del Pezzo surfaces and analytic compactifications of C"^ 

Nagoya Mathematical Journal 104 (1986), 1-28 
[15] I. Cheltsov, Log canonical thresholds of del Pezzo surfaces 

Geometric and Functional Analysis, to appear 
[16] J. W. Bruce, C. T. C. Wall, On the classification of cubic surfaces 

Journal of the London Mathematical Society 19 (1979), 245-256 
[17] L Cheltsov, On singular cubic surfaces 

arXiv:0706.2666 (2007) 
[18] G. Tian, On a set of polarized Kdhler metrics on algebraic manifolds 

Journal of Differential Geometry 32 (1990), 99-130 
[19] L Dolgachev, V. Iskovskikh, Finite subgroups of the plane Cremona group 

arXiv:math.AG/0610595 (2006) 
[20] A. Nadel, Multiplier ideal sheaves and Kdhler-Einstein metrics of positive scalar curvature 

Annals of Mathematics 132 (1990), 549-596 
[21] J. -P. Demailly, J. Kollar, Semi- continuity of complex singularity exponents 

and Kdhler-Einstein metrics on Fano orbifolds 

Annales Scientifiques de I'Ecole Normale Superieure 34 (2001), 525-556 
[22] T. Aubin, Equations du type Monge-Ampere sur les varietes Kdhleriennes compactes 

Bulletin des Sciences Mathematique 354 (2002), 4303-3312 
[23] S. T. Yau, On the Ricci curvature of a compact Kdhler manifold and the complex Monge-Ampere equation, I 

Communications on Pure and Applied Mathematics 31 (1978), 339-411 
[24] S. T. Yau, Review on Kdhler-Emstem metrics in algebraic geometry 

Israel Mathematical Conference Proceedings 9 (1996), 433-443 
[25] Y. Matsushima, Sur la structure du groupe d'homeomorphismes analytiques 

d'une certaine variete kdhlerienne 

Nagoya Mathematical Journal 11 (1957), 145-150 
[26] M. Liibke, Stability of Einstein- Hermitian vector bundles 

Manuscripta Mathematica 42 (1983), 245-257 
[27] A. Futaki, An obstruction to the existence of Einstein-Kdhler metrics 

Inventiones Mathematicae 73 (1983), 437-443 
[28] A. Steffens, On the stability of the tangent bundle of Fano manifolds 

Mathematische Annalen 304 (1996), 635-643 
[29] T. Mabuchi, Einstein-Kdhler forms, Futaki invariants and convex geometry on toric Fano varieties 

Osaka Journal of Mathematics 24 (1987), 705-737 
[30] V. Batyrev, E. Selivanova, Einstein-Kdhler metrics on symmetric toric Fano manifolds 

Journal fur die Reine und Angewandte Mathematik, 512 (1999), 225-236 
[31] X. Wang, X. Zhu, Kdhler-Ricci solitons on toric manifolds with positive first Chern class 

Advances in Mathematics 188 (2004), 87-103 
[32] B. Nill, Complete toric varieties with reductive automorphism group 

Mathematische Zeitschrift 252 (2006), 767-786 
[33] G. Tian, On Calabi's conjecture for complex surfaces with positive first Chern class 

Inventiones Mathematicae 101 (1990), 101-172 
[34] H. Matsumura, P. Monsky, On the automorphisms of hypersurfaces 

Journal of Mathematics of Kyoto University 3 (1964), 347-361 
[35] C. Arezzo, A. Ghigi, G. Pirola, Symmetries, quotients and Kdhler-Einstein metrics 

Journal fur die Reine und Angewandte Mathematik 591 (2006), 177-200 



94 



[36] J. Park, Birational maps of del Pezzo fibrations 

Journal fur die Reine und Angewandte Mathematik 538 (2001), 213-221 
[37] A. Corti, Del Pezzo surfaces over Dedekind schemes 

Annals of Mathematics 144 (1996), 641-683 
[38] I. Cheltsov, Birationally rigid Fano varieties 

Russian Mathematical Surveys 60 (2005), 875-965 
[39] C. Birkar, P. Cascini, C. Hacon, J. McKernan, Existence of minimal models for varieties of log general type 

arXiv:math/0610203 (2006) 
[40] V. Shokurov, Three-fold log flips 

Russian Academy of Sciences, Izvestiya Mathematics 40 (1993), 95-202 
[41] J. KoUar, S.Mori, Birational geometry of algebraic varieties 

Cambridge University Press (1998) 
[42] Yu. Manin, Rational surfaces over perfect fields, II 

Mathematics of the USSR, Sbornik 1 (1967), 141-168 
[43] A. Pukhlikov, Birational automorphisms of Fano hypersurfaces 

Inventiones Mathematicae 134 (1998), 401-426 
[44] V. Iskovskikh, Birational automorphisms of three-dimensional algebraic varieties 

Journal of Soviet Mathematics 13 (1980), 815-868 
[45] J. KoUar, Universal untwisting of birational maps 

Proceedings of the Steklov Institute of Mathematics, to appear 
[46] A. Corti, A. Pukhlikov, M. Reid, Fano 3-fold hypersurfaces 

L.M.S. Lecture Note Series 281 (2000), 175-258 
[47] I. Cheltsov, J. Park, Weighted Fano threefold hypersurfaces 

Journal fur die Reine und Angewandte Mathematik, 600 (2006), 81-116 
[48] V. Iskovskikh, Fano 3-folds I 

Mathematics of the USSR, Izvestija 11 (1977), 485-527 
[49] V. Iskovskikh, Fano 3-folds II 

Mathematics of the USSR, Izvestija 12 (1978), 469-506 
[50] S. Mori, S. Mukai, Classification of Fano 3-folds with B2 ^ 2 

Manuscripta Mathematica 36 (1981), 147-162 
[51] S.Mori, S. Mukai, Classification of Fano 3-folds with B2 ^ 2. Erratum 

Manuscripta Mathematica 110 (2003), 407 
[52] S.Mori, S. Mukai, On Fano 3-folds with B2 ^ 2 

Advanced Studies in Pure Mathematics, Algebraic Varieties and Analityc Varieties 1 (1983), 101-129 
[53] R. Lazarsfeld, Positivity m algebraic geometry II 

Springer- Verlag, Berlin, 2004 
[54] E. Viehweg, Quasi-projective moduli for polarized manifolds 

Ergebnisse der Mathematik und ihrer Grenzgebiete 30 (1995), Springer- Verlag, Berlin 
[55] J. Song, The a-invariant on toric Fano threefolds 

American Journal of Mathematics 127 (2005), 1247-1259 
[56] W. Fulton, Introduction to toric varieties 

Princeton University Press (1993) 
[57] V. Sarkisov, Birational automorphisms of conic bundles 

Izvestiya Akademii Nauk SSSR, Seriya Matematicheskaya 44 (1980), 918-945 
[58] M. Szurek, J. Wisniewski, Fano bundles of rank 2 on surfaces 

Compositio Mathematica 76 (1990), 295-305 
[59] P. Jahnke, T. Peternell, I. Radloff Threefolds with big and nef anticanonical bundles II 

arXiv:07 10:2763l (2007) 
[60] P. Jahnke, T. Peternell, Almost del Pezzo manifolds 

arXiv:math/0612516 (2006) 
[61] M. Furushima, Singular Fano compactifications of 

Mathematische Zeitschrift 248 (2004), 709-723 
[62] V. Shokurov, The existence of a line on Fano varieties 

Izvestiya Akademii Nauk SSSR. Seriya Matematicheskaya 43 (1979), 922-964 
[63] J.-P. Demailly, Regularization of closed positive currents and Intersection Theory 

Journal of Algebraic Geometry 1 (1992), 361-409 
[64] J. Johnson, J. KoUar, Kdhler-Einstein metrics on log del Pezzo surfaces in weighted projective 3-spaces 

Annates de I'lnstitut Fourier 51 (2001), 69-79 
[65] C. Boyer, K. Galicki, J. KoUar, Emstem metrics on spheres 

Annals of Mathematics 162 (2005), 557-580 
[66] J.-P. Demailly, Singular hermitian metrics on positive line bundles 

Lecture Notes in Mathematics 1507, Springer- Verlag, Berlin (1992) 
[67] A. Varchenko, Complex exponents of a singularity do not change along the stratum n — constant 

Functional Analysis and Its Applications 16 (1982), 1-9 



95 



[68] A. Varchenko, Semi-continuity of the complex singularity index 

Functional Analysis and Its Applications 17 (1983), 307-308 
[69] V. Arnold, S. Gusein-Zade, A. Varchenko, Singularities of differentiable maps, II 

Progress in Mathematics, Birkhauser (1988) 
[70] Y. T. Siu, The existence of Kdhler Emstem metrics on manifolds with positive anticanonical 

line bundle and a suitable finite symmetry group 

Annals of Mathematics 127 (1988), 585-627 
[71] T. Ohsawa and K. Takegoshi, On the extension of I/^ holomorphic functions 

Mathematische Zeitschrift 195 (1987) 197-204 
[72] T. Ohsawa, On the extension of holomorphic functions, 11 

Publications of the Research Institute for Mathematical Sciences, Kyoto University 24 (1988), 265-275 
[73] J.-P. Demailly, Estimations pour I'operateur d d'un fibre vectoriel holomorphe 

semi-positif au-dessus d'une variete kdhlerienne complete 

Annates Scientifiques de I'Ecole Normale Superieure 15 (1982), 457-511 



96 



